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Abstract

Any statistical model based on training encounters sparse configurations. These data are those that have not been encountered
(or seen) during the training phase. This inherent problem is a big challenge to many scientific communities. The statistical
estimation of rare events is usually performed through the maximum likelihood (ML) criterion. However, it is well-known
that the ML estimator is sensitive to extreme values that is therefore non-reliable. To answer this challenge, we propose a
novel approach based on probabilistic logic (PL) and the minimal perplexity criterion. In our approach, configurations are
considered as probabilistic events such as predicates related through logical connectors. Our method was applied to estimate
word trigram probability values from a corpus. Experimental results conducted on several test sets show that the PL method
with minimal perplexity has outperformed both the “Absolute Discounting”, and the “Good-Turing Discounting” techniques.
� 2005 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Techniques for statistical processing of natural language
are present in many areas such as information retrieval, lan-
guage modeling, parts-of-speech tagging and word sense
disambiguation. All these techniques face the same chal-
lenging problem known as:data sparseness.In the case of
language modeling, this inherent problem arises while col-
lecting frequency statistics on observations from a database
of finite size. Statistical methods compute in the first phase
relative frequencies derived from a maximum likelihood
(ML) estimation of configurations (e.g.,word1 followed by
word2) from a training corpus. In the second phase, the sta-
tistical methods attempt to evaluate alternative interpreta-
tions of new textual or speech samples.The problem of data
sparseness arises during this second phase, when we are
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dealing with configurations that have never(or rarely) been
encountered in the training corpus.Therefore, the estima-
tion of probabilities assigned to these configurations based
on observed frequencies becomes unreliable. From an esti-
mation theory standpoint, the variances of these observation
frequencies are large. Therefore the frequencies computed
are inaccurate estimators of the probabilities assigned to
these configurations.
To overcome this challenging problem due to the tra-

ditional ML estimation, a number of different approaches
have been proposed in the literature. The various discount-
ing methods[1–4], word clustering[5], link grammars[6],
sentence mixtures, decision trees, caching[7], maximum
entropy models[8], latent semantic analysis[9], neural net-
work models[10] and web-based improved trigrams[11]
are examples of these techniques that deal with the sparse
data problem in language modeling. Traditionally, the
dominant motivation for language modeling emerged from
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speech recognition[5,12–16]. However, statistical language
models have recently become more widely used in many
other application areas, such as machine translation, infor-
mation retrieval, handwriting recognition[17–19], spelling
correction, information extraction and bioinformatics.
We propose in this paper a novel technique based on prob-

abilistic logic (PL) that solves the sparseness problem in an
efficient manner. Words are viewed as predicates that inter-
act according to rules of logic within a corpus. The motiva-
tion of our approach is threefold: (i) it is original since it is
based on a “logical” relationship betweenn-grams, (ii) the
information about a trigram probability value is constructed
from the information provided by all consecutive unigrams
and bigrams involved in this trigram, and (iii) it is general,
it can easily be applied to other types of configurations. We
show that through the context of PL, it is possibleto di-
rectly minimize the perplexityassigned to a testing corpus
and derive an optimal statistical language model.
This paper is organized as follows: Section 2 introduces

the perplexity measure for models comparison. Section 3
underscores the background by emphasizing two discount-
ing techniques: The “Absolute Discounting” and the “Good-
Turing Discounting”. We introduce the PL paradigm for
sparse data modeling in Section 4. Experiments are laid out
in Section 5 and the conclusion and future work are the ob-
jects of Section 6.

2. Model evaluation

In order to compare our approach with the discounting
methods, we need to define a model evaluator measure. This
measure quantifies the “quality” of the language model. The
cross-entropy function enables us to measure in some scale
the power of prediction of the statistical language model
proposed. The third-order cross-entropy of a set ofn random
variables(w, t)1,n= (w1, w2, . . . , wn), (a word path repre-
senting the test set) where the correct model isPr(w1,n) but
the probabilities are estimated using the modelPrM(w1,n),
is given by

H(w1,n, P rM)= −
∑
w1,n

P r(w1,n)× logPrM(w1,n),

(1)

where “log” represents the base 2 logarithm.
Using some assumptions and some classical transforma-

tions [8], we can estimate the cross-entropy as

H(w1,n, P rM)

≈ −1

n


i=n∑
i=1

log PrM(wi | wi−1 ∧ wi−2)


 . (2)

The perplexity defined asPPp(T ) = 2H (where
p = PrM(w1,n) andT = (w, t)1,n) is the function used to
validate statistical language models. Although this measure
have been receiving criticism and some new measures are

being proposed[20], it is still the standard measure used
by the language modeling community.This expression of
the perplexity is used in the experiments section to com-
pare the performance of our approach with two discounting
techniques.

3. Background in statistical language modeling

Many statistical techniques have been proposed by the
language modeling community in order to solve the sparse
data problem. Brown et al.[5] compute words co-occurrence
based on their distributions. They have clustered words with
respect to their co-occurrence distributions.Words with sim-
ilar co-occurrence distributions were assigned a same word
class. The probability of any pair of words is transformed
into the probability of the pair of classes they belong to. Je-
linek proposed the “linear interpolation” by smoothing the
specific probabilities with less sparse probabilities[15,16].
Katz proposed the “discounting technique” using the Good-
Turing formula[4,21]. Besides, in case of estimation of lex-
ical associations on the basis of word forms, a fairly large
amount of training data is required. The reason is that all
inflected forms of a word are to be considered as different
words. A better result using the same amount of data can
be achieved by analyzinglemmata(inflectional differences
are ignored) or even semantic classes. However, even with
this refinement, the sparseness problem persists. The mod-
els used in the literature circumvent this problem by assum-
ing that there exists a functional relationship between the
probability estimate for a previously unseen co-occurrence
and the probability estimate for the word contained in the
co-occurrence[14], while other techniques use class-based
and similarity-based models to overcome the problem[13].
The modified Kneser–Ney algorithm[22] which is an ex-
tension of Kneser and Ney’s algorithm introduced in 1995
[23] which is itself an extension of absolute discounting
has shown promising results. Like absolute discounting, the
Kneser–Ney approach computes the probability of a word
following a particular context by calculating the raw prob-
ability of the word following the context and subtracting a
discounting value. Jaakola[7] presented a general frame-
work for a discriminative estimation based on the maximum
entropy principle and its extensions when the labels in the
training set are uncertain or incomplete. Bellegarda[9] used
latent semantic analysis that uncovers the salient semantic
relationships between words and documents in a given cor-
pus. Bengio et al.[10] propose a technique that “fights” the
curse of dimensionality. It consists of learning a distributed
representation for words which allow each training sentence
to inform the model about an exponential number of se-
mantically neighboring sentences. Finally, Xu et al.[24] use
random forests that incorporate syntactical information to
predict the next word based on words already seen before.
For performance comparison purposes, we describe in

this paper three discounting techniques which are: the
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“Good-Turing Discounting”, and the “Absolute Discount-
ing”. The perplexity computed on several test sets using
these two techniques will be compared with the perplexity
of the “PL” approach. But first, we need to briefly introduce
these three techniques in this section.

3.1. Back-off with discounting

Traditional approaches to smoothing probability estimates
that cope with sparse data problem consist of using some
sort of back-off or interpolated estimator[25]. The classical
model mostly used is the “Discounted Back-Offn-grams”.
This model is defined as

Pr(wi | wi−n+1, . . . , wi−1) ≈
{
P̂ r(wi | wi−n+1, . . . , wi−1) if #(wi−n+1, . . . , wi)>0,
�(wi−n+1, . . . , wi−1)× Pr(wi | wi−n+2, . . . , wi−1) otherwise,

(3)

where

P̂ r(wi | wi−n+1, . . . , wi−1)

= discount#(wi−n+1, . . . , wi)

#(wi−n+1, . . . , wi−1)
(4)

and �(wi−n+1, . . . , wi−1) is a normalizing term ex-
pressed as

�(wi−n+1, . . . , wi−1)

= 1− ∑
x∈(wi−n+1,...,wi−1x)

P̂ r(x | wi−n+1,...,wi−1)

1− ∑
x∈(wi−n+1,...,wi−1x)

P̂ r(x | wi−n+2,...,wi−1)
.

(5)

Therefore, ifnr represents the number of words occurringr
times in the corpus, then the “Good-Turing” (GT) discount-
ing can be estimated as

P̂ r(wi |wi−n+1, . . . , wi−1)=
GT #(wi−n+1,...,wi)

#(wi−n+1, . . . , wi−1)
, (6)

whereGT r = (r + 1)[(nr+1)/nr ].
However, in the “Absolute Discounting”, the frequency

of a word is subtracted by a constantK. This constant is
equaln1/(n1 + 2n2). Finally, the “Absolute Discounting”
estimation is expressed as

P̂ r(wi | wi−n+1, . . . , wi−1)

= #(wi−n+1, . . . , wi)−K
#(wi−n+1, . . . , wi−1)

. (7)

In the case of trigrams(n=3) andr=1, the “Good-Turing”
estimation becomes

P̂ r(w3 | w1, w2)= #(w1, w2, w3)

#(w1, w2)
× 2n2
n1

, (8)

and the “Absolute Discounting” becomes

P̂ r(w3 | w1, w2)
= #(w1, w2, w3)− (n1/(n1 + 2n2))

#(w1, w2)
. (9)

4. Solving the sparseness problem through
probabilistic logic

Traditional methods dealing with the sparseness problem
assumes that the probability estimate for a previously unseen
co-occurrence is a function of the probability estimates for
the word in the co-occurrence. For example, in the trigram

models that we study in this paper, the probabilityPr(wi |
wi−1 ∧ wi−2) of a conditioned wordwi that has never
been encountered during training following the conditioning
words (wi−1, wi−2) is computed from the probability of
the wordwi . This technique is based on an independence
assumption on the co-occurrence of the pairs(wi−1, wi−2)

andwi .
To circumvent this independence assumption, we propose

a novel approach that explores the PL paradigm[26,27]. We
make an analogy between word configurationswi and log-
ical predicates.The predicateWi is true if the wordwi is
present in the training corpus and false otherwise.Our ap-
proach uses information captured by alln-grams thatlogi-
cally impactthe estimation ofPr(wi | wi−1 ∧ wi−2). Our
method involves a setM constituted of three unigrams, two
bigrams and one trigram. This set is

M = {wi,wi−1, wi−2, (wi | wi−1), (wi−1 | wi−2),

(wi | wi−1 ∧ wi−2)}. (10)

This setM is chosen because all elements of this set are
consecutive and“ logically” reconstructPr(wi | wi−1 ∧
wi−2). In fact, PL paradigm enables us to express alinear
relationshipbetween probabilities of all elements contained
in the setM.
Since the estimated quantitŷPr(wi | wi−1∧wi−2) is not

reliable, then it should be treated separately. The truth value
of this quantity is built from the truth values of all unigrams
and bigrams inM that logically depend on it. Therefore the
logical interaction we are looking for is the following:

Pr(wi | wi−1 ∧ wi−2)

� log(�h1)× P̂ r(wi)
+ log(�h2)× P̂ r(wi−1)+ log(�h3)

× P̂ r(wi−2)+ log(�h4)× P̂ r(wi | wi−1)+ log(�h5)

× P̂ r(wi−1 | wi−2)+Kh. (11)
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For obtaining a more general model, we added a con-
stant Kh (that depends on the history h) in this linear
combination. Our goal is to compute an “optimal” solution
for the coefficients�hi (i = 1, . . . ,5) andKh. The motiva-
tion behind Eq. (11) is that the trigram(wi | wi−1∧wi−2)

might be (probabilistically) reconstructed from all unigrams
and bigrams that are involved in it. The logarithm assigned
to the coefficients are introduced only to put these coef-
ficients into the interval [0..1]. Each probability involved
in this decomposition is computed from a training corpus
using the ML estimation.
We will show in the next section how we use PL tools

to determine an estimation of:Pr(wi | wi−1 ∧ wi−2) by
computing uniquely the parameters�hi (i = 1, . . . ,5) and

the constantKh.

4.1. A bounded set of solutions

In order to compute this logical “reconstruction”, we need
to pass from the conditional events to the joint events. We
first define a linear relationship that involves joint probabil-
ities, and then we express this relationship into conditional
probability terms.Table 1depicts the logical truth-table as-
signed to this set of predicates assigned to words. This table
has 8= 23 columns, where 3 corresponds to the number of
base predicates. As outlined previously, a predicateWi is
either true or false. It is true if the wordwi (at positioni)
is observed (or encountered) in a corpus and false when-
ever it is absent. Each time, we obtain two worlds (or in-
terpretations)Vi , (i = 1,2) that are assigned to one pred-
icate, and the values of the predicate are opposite in these
two worlds [28]. We define a probability distribution over
the sets of possible worlds (the columns ofTable 1) as-
sociated with the different sets of possible truth values of
predicates. This probability specifies for each set of possi-
ble worlds what is the probabilityPr(Vi ) that the actual
world Va is contained inVi . If the actual worldVa is
for example the fourth column[0,1,1,0,1,0]T of Table
1, and if the trigram of interest is〈wi−2 wi−1 wi〉 = 〈ate
an apple〉, then this means that〈apple〉 is absent from the
corpus at positioni, 〈an〉 is present at position(i − 1),
〈ate〉 is present in the corpus at position(i − 2), 〈an apple〉
is absent,〈ate an〉 is present and〈ate an apple〉 is absent.
Since we do not know the actual world which depends on
the corpus contents, therefore there is an uncertainty about
it expressed by a probability measure. The probabilities
Pr(Vi )= pi are subject to the constraint

∑
i P r(Vi )= 1

since the set of possible worlds are mutually exhaustive
and exclusive (the actual world is one of the column of
Table 1).
A mapping from the space of possible worlds to the

space of predicates is therefore built.A probability of
any predicate (�j ) is the sum of the probabilities of
the worlds (Vi ) where the predicate is true.The linear

Table 1
The consistent matrixC assigned to the set of predicates

C =




0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
0 0 0 0 0 0 1 1
0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 1


 . (12)

equation mapping possible world probabilities and predicate
probabilities is

C × P = �, (13)

where the consistent matrixC whose columns are the possi-
ble worlds(Vi ) represents this linear mapping between the
space of possible worlds and the space of predicates. The
vectorsP and� are defined as

P = [Pr(V1), P r(V2), . . . , P r(V8)]T
= [p1, p2, . . . , p8]T,

� = [Pr(wi), P r(wi−1), P r(wi−2), P r(wi ∧ wi−1),

Pr(wi−1 ∧ wi−2), P r(wi ∧ wi−1 ∧ wi−2)]T
= [�1, �2, . . . , �6]T, (14)

where “T” stands for the transpose form vector. Using the
linear system of equations expressed by Eq. (13), we can
easily derive bounds for the set of solutions:

max{0, �5 + �4 − �1}��6� min{�i , i = 1, . . . ,5}. (15)

Therefore, there is an infinity of solutions forPr(wi ∧
wi−1 ∧ wi−2), which means an infinity of solutions for
Pr(wi | wi−1 ∧ wi−2).

4.2. The entropy maximization criterion

As expressed by Eq. (15), the solution obtained so far is
not unique. In this section, we use the maximum entropy
criterion assigned to the world distribution in order to de-
termine a unique estimate forPr(wi | wi−1 ∧wi−2). This
is explained as follows:
Because�6 is the unknown variable, we first disregard

the last row of the consistent matrixC (C becomesCd ) (and
the corresponding entry of� which becomes�d ) and add
a tautology (all components=1) as the first constraint. The
tautology is justified by the fact that

∑8
1pi = 1. We finally

obtain a constraint

Cd × P = �d , (16)
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or, spelled out,




1 1 1 1 1 1 1 1
0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
0 0 0 0 0 0 1 1
0 0 0 1 0 0 0 1







p1
p2
p3
p4
p5
p6
p7
p8




=




1
P̂ r(wi)

P̂ r(wi−1)

P̂ r(wi−2)

P̂ r(wi ∧ wi−1)

P̂ r(wi−1 ∧ wi−2)


 =




1
�1
�2
�3
�4
�5


 . (17)

Since the solution to (16) is not unique (6 equations and
8 variables), we select among the possible solutions forP
that maximizes the Shannon entropy

∑ −pi logpi of the
distributionP (or minimally discriminate among solutions).
The resulting optimization program (as a minimization, re-
versing the sign of the entropy) is

min


S(P )=

i=8∑
i=1

pi logpi | Cd × P = �d ,0�P


. (18)

Note that we actually need a box constraint 0�P �1 since
we are looking for probability, but non-negativity ofP, in
addition to the first constraint

∑i=8
i=1pi=1 ensures the upper

bound of 1. The tautology acts as a normalizing condition.
Note also that (18) is a convex program since the gradient

is

∇S(P )= [log pi + 1]i=8
i=1,

and therefore the Hessian

∇2S(P )= Diag

[
1

pi

]i=8

i=1
,

is a diagonal non-negative matrix.
Moreover, since (18) has a Slater point, the usual con-

straint qualification holds and a necessary and sufficient con-
dition for optimality is given by theKarush–Kuhn–Tucker
condition. But, before differentiating, we notice that we can
reduce the number of variables.
Since the rank ofC is 6, we can express (16), after some

simple algebra, as

P=




1− �1 − �2 − �3+�4+�5
�3 − �5

�2 − �4 − �5
�5

�1 − �4
0
�4
0




+ p6




1
−1
0
0

−1
1
0
0




+ p8




0
0
1

−1
0
0

−1
1



,

(19)

a two-parameter family. Using this reduction, the objective
function (the Shannon entropy) can also be simplified to a
two variable function,

S(p6, p8)= p6 log(p6)+ p8 log(p8)
+ (�5 − p8) log(�5 − p8)
+ (�5 − p8) log(�5 − p8)
+ (�1 − p6 − �4) log(�1 − p6 − �4)

+ (�3 − p6 − �5) log(�3 − p6 − �5)

+ (p8 + �2 − �4 − �5)

× log(p8 + �2 − �4 − �5)

+ (p6 + 1− �1 − �2 − �3 + �4 + �5)

× log(p6 + 1− �1 − �2

− �3 + �4 + �5). (20)

With these simplifications, program (18) can be expre-
ssed as

min{S(p6, p8) | 0�p6,0�p8}, (21)

which is an unconstrained program sinceS is defined only in
the positive orthant. To solve this latter problem, we finally
differentiate and obtain∇S(p6, p8)= 0, or

log(p8)− log(�4 − p8)− log(�5 − p8)
+ log(p8 + �2 − �4 − �5)= 0,

log(p6)− log(�1 − p6 − �4)− log(�3 − p6 − �5)

+ log(p6 + 1− �1 − �2 − �3 + �4 + �5)= 0, (22)

which simplifies to

p8(p8 + �2 − �4 − �5)

(�4 − p8)(�5 − p8) = 1, (23a)

p6(p6 + 1− �1 − �2 − �3 + �4 + �5)

(�1 − p6 − �4)(�3 − p6 − �5)
= 1. (23b)

We note that Eq. (23) are separated. From a convex, non-
linear optimization program in 8 variables, we have obtained
2 simple linear equations with solutions:

p8 = �4�5
�2

, (24a)

p6 = (�1 − �4)(�3 − �5)

1− �2
. (24b)

The final solution to the optimization problem (18) is now
obtained from substituting (24) into (19). This yields the
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optimal solution

P ∗ =




1− �1 − �2 − �3 + �4 + �5 + (�1−�4)(�3−�5)
1−�2

�3 − �5 − (�1−�4)(�3−�5)
1−�2

�2 − �4 − �5 + �4�5
�2

�5 − �4�5
�2

�1 − �4 − (�1−�4)(�3−�5)
1−�2

(�1−�4)(�3−�5)
1−�2

�4 − �4�5
�2

�4�5
�2



.

(25)

Theorem 4.1. The estimation using the maximum entropy
criterion for the possible worlds distribution P implies that
the word trigram distribution is a Markov chain of order1.

Proof. Using Bayes’ rule, we can write the following:

Pr(wi | wi−1 ∧ wi−2)= Pr(wi ∧ wi−1 ∧ wi−2)

P r(wi−1 ∧ wi−2)

� p∗
8

p∗
4 + p∗

8
. (26)

Using the optimal values ofp∗
8 andp

∗
4 from the vectorP ∗ of

Eq. (25) and computing the ratiop∗
8/(p

∗
4 +p∗

8), we obtain:
Pr(wi | wi−1 ∧ wi−2)= Pr(wi | wi−1).
Using Eq. (11), we can conclude that the maximum-

entropy estimation technique provides�hi = 1 for

h=1,2,3,5, �h4 = e, andKh=0. Finally, we can conclude
that the entropy maximization method enables to obtain a
unique solution to our problem but provides a poor estima-
tor of the trigram since it backs-off to the bigram.�

4.3. The minimum perplexity criterion

Our ultimate goal in this approach is to determine a gen-
eral expression for�hi andK

h of the interpolation model of
Eq. (11). We show how the minimum perplexity criterion
enables to determine a unique solution for�hi andK

h.

4.3.1. The determination of the interpolation coefficients
To determine a closed form for the coefficients�hi and

Kh, we use the following theorem[29]:

Theorem 4.2. Let P = {P = [p1, p2, . . . , pn]T such that
‖P ‖1 = ∑i=n

i=1 pi = 1}, let U be a linear operator inRn

(Euclidean space), and D = (dij ) its associated matrix
relative to the classical base ofRn. If

∑
i dij = n,∀j , and

dij �0, then we can write the following assertions:

(1) U(P) ⊂ n× P,
(2) ‖�‖1 = n× ‖P ‖1 = n,

where‖.‖1 is theL1 norm (sum of components).

Proof. ‖D×P ‖1= ∑i=n
i=1

∑j=n
j=1 dij ×pj = ∑j=n

j=1
∑i=n
i=1

dij = n × ∑j=n
j=1 pj , and both of the relations (1) and (2)

are proved. �

In order to use Theorem 4.2, we need to have a linear oper-
ator ofRn, which means a square matrix. Therefore, we add
anartificial row A in the consistent matrixC (C becomes
D) such that the sum of the components for each column is
equal to the dimension of the spacewhich is 8 in this problem
(seeTable 2). The vector� is therefore extended with two
components�h(A1) which is a tautology and�h(A2) cor-
responding to the row vectorsA1 = [1,1,1,1,1,1,1,1]T
andA2 = [7,6,6,4,6,5,4,1]T, respectively. By adding a
tautology which expresses exclusivity and exhaustivity, we
made this two vector extension unique. The predicate vec-
tor � is now extended and called�e. For a sake of brevity,
�h(A2) is now called�h(A). From equationD×P =�e,
we can write

Table 2
The matrixD results from adding the two vectorsA1 andA2 as
two last rows

D =




0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
0 0 0 0 0 0 1 1
0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 1
1 1 1 1 1 1 1 1
7 6 6 4 6 5 4 1



. (27)

�h(A)= 7p1 + 6(p2 + p3 + p5)+ 4(p4 + p7)
+ 5p6 + p8. (28)

Using Theorem 4.2, we obtain the following closed form

Pr(wi ∧ wi−1 ∧ wi−2)

= 7− �h(A)− P̂ r(wi)− P̂ r(wi−1)

− P̂ r(wi−2)− P̂ r(wi ∧ wi−1)

− P̂ r(wi−1 ∧ wi−2). (29)

Using Bayes’ rule, we finally express the conditional prob-
ability as

Pr(wi | wi−1 ∧ wi−2) � 7− �h(A)− P̂ r(wi)− P̂ r(wi−1)− P̂ r(wi−2)− P̂ r(wi ∧ wi−1)

Q
− 1, (30)



D. Bouchaffra / Pattern Recognition 38 (2005) 1307–1315 1313

where the quantityQ=P̂ r(wi−1∧wi−2) is an estimation of
the probability assigned to the history of the configuration.
This latter quantity has to be different from 0.
Given this latter equation, we can write the constantKh

introduced in Eq. (11) as

Kh = (7− �h(A))

Q
− 1. (31)

In order to emphasize the coefficients�hi (i=1, . . . ,5), we
write Eq. (29) into the following form

Pr(wi | wi−1 ∧ wi−2)

� −1

Q
[P̂ r(wi)+ P̂ r(wi−1)+ P̂ r(wi−2)

+ P̂ r(wi | wi−1)× P̂ r(wi−1)] + 0

× P̂ r(wi−1 | wi−2)+ 7− �h(A)−Q
Q× P̂ r(wi | wi−1 ∧ wi−2)

× P̂ r(wi | wi−1 ∧ wi−2). (32)

We finally equate all coefficients of this equation with the
interpolation model of Eq. (11) and derive the following:

log(�∗
i )=

1

−Q ⇐⇒ �∗
i = e 1

−Q , ∀i = 1, . . . ,3,

log(�∗
4)=

P̂ r(wi−1)

−Q ⇐⇒ �∗
4 = e

P̂ r(wi−1)
−Q ,

log(�∗
5)= 0 ⇐⇒ �∗

5 = 1,

Kh = 7− �h(A)−Q
Q

. (33)

Because of the logarithmic scale, all coefficients�i (i =
1, . . . ,5) belong to the interval [0..1].

4.3.2. Determination of�h(A): minimum perplexity
criterion
In order to determine a unique solution for�h(A) and

compute uniquely the value forKh, we use the minimum
perplexity criterion. However, minimizing the perplexity
PPp(T ) is equivalent to maximizingPr(wi | wi−2, wi−1).
Using the matrixD and some algebraic transformations, we
derive

�h(A)= −�1 − �2 − �3 − 2�4 − �5 + p7 + 7. (34)

Replacing this value of�h(A) in Eq. (30), we obtain

Pr(wi | wi−2 ∧ wi−1)= �4 − p7
�5

. (35)

Therefore, we have the following equivalent problems:

min{PPp(T )} ⇐⇒ max{Pr(wi | wi−2 ∧ wi−1)}
⇐⇒max

p7

{
�4 − p7

�5

}
. (36)

However, the trigram probability value andp7 have to be
in the interval [0..1]. This is expressed by the following
constraints:

0� �4 − p7
�5

�1,

0�p7�1. (37)

This constrained optimization problem providesp7 =
max{0, �4 − �5} as a solution. Finally, the trigram proba-
bility can be written as

Pr(wi | wi−2 ∧ wi−1)= �4 − max{0, �4 − �5}
�5

, (38)

which is equivalent to

Pr(wi | wi−2 ∧ wi−1)

=Pr(wi−1∧wi)−max{0, P r(wi−1∧wi)−Pr(wi−2∧wi−1)}
Pr(wi−2 ∧ wi−1)

.

(39)

Finally, we can write the estimation result using the min-
imum perplexity criterion as

Pr(wi | wi−2 ∧ wi−1)

≈




#(wi−2, wi−1, wi)

#(wi−2, wi−1)
if #(wi−2, wi−1, wi)>0,

#(wi−1, wi)

#(wi−2, wi−1)
if #(wi−2, wi−1, wi)= 0

∧Pr(wi−1 ∧ wi)
�Pr(wi−2 ∧ wi−1),

1 if #(wi−2, wi−1, wi)= 0
∧Pr(wi−1 ∧ wi)
>Pr(wi−2 ∧ wi−1).

(40)

5. Experiments

We have conducted several experiments in order to com-
pare the “PL” approach using the minimum perplexity cri-
terion with the state-of-the-arts techniques described in this
paper. Several samples with different sizes were extracted
from the Brown Corpus available at the Linguistic Data
Consortium hosted by the University of Pennsylvania server
(www.ldc.upenn.edu). In each experiment, the corpus has
been divided into 2/3 for training and 1/3 for testing. All
models have been trained and tested on the same corpora.
We have conducted four experiments with 19,422 words,
154,251 words, 466,514 words and 1,224,336 words, re-
spectively.Table 3depicts the perplexity values obtained for
each model on these different test corpora. The results show
that the “PL” language model using the minimum perplexity
criterion outperforms the “Good-Turing Discounting” and
the “Absolute Discounting” language models with a signif-
icant margin.

http://www.ldc.upenn.edu
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Table 3
Perplexity of each language model as a function of the corpus size (number of words)Ci

Perplexity

Models C1: 19,422 C2: 154,251 C3: 466,514 C4: 1,224336
Abs.Discount 80.736343 106.988535 132.733558 139.246739
Good-Turing 141.225636 150.514389 185.708934 180.390850
PL 47.257053 26.359698 30.184792 21.629367

6. Conclusion and future work

Our approach to language modeling incorporates the rules
of logic within a probabilistic framework. This novel ap-
proach provides an insight into the sparseness problem en-
countered in statistical language modeling. Our methodol-
ogy views wordn-grams as predicates interrelated through
logical connectors. We have proven that the solution ob-
tained using the maximum entropy criterion is a first-order
Markov chain. Within the same PL context, we used the
minimum perplexity criterion and obtained an “optimal”
solution to the sparseness problem. We conducted several
experiments for comparison purposes. The results obtained
show that “PL using minimum perplexity” is a promising
method since it has outperformed both the “Good-Turing
Discounting” and the “Absolute Discounting” techniques.
We will focus in our future work on (i) performing

comparisons with other techniques such as the modified
Kneser–Kney method, (ii) extending the history on the
n-grams, and (ii) incorporating semantical relationships
between words using the WordNet lexical database[30].
Synonymy relation provided by WordNet will be expressed
as an equivalence logical connector. Through this logical
framework, we will be capable to fall-back on synonyms
of a word in a trigram in case this word is not seen in the
training corpus.

7. Summary

We have proposed a novel language modeling technique
that is founded on the rules of logic and probability theory to
solve the data sparseness problem inherent to many applica-
tions. This probabilistic logic paradigm views wordn-grams
as predicates connected by logical operators and assigned
some probability values. Our approach expresses the unseen
trigram as a linear combination of probabilities of all pos-
sible unigrams, and bigrams that can be extracted from it.
The probability distribution was defined over the sets of all
possible worlds associated with the different sets of possi-
ble truth values of predicates. This probability specifies for
each set of possible worlds what is the chance that the ac-
tual worldVa is contained inVi . If the actual world is for
example the column[0,1,1,0,1,0]T, and if the trigram of
interest is〈wi−2 wi−1 wi〉=〈ate an apple〉, then this means
that 〈apple〉 is absent from the corpus at positioni, 〈an〉 is

present at position(i − 1), 〈ate〉 is present in the corpus at
position (i − 2), 〈an apple〉 is absent,〈ate an〉 is present
and〈ate an apple〉 is absent. Since we do not know the ac-
tual world which depends on the corpus contents, therefore
there is an uncertainty about it expressed by a probability
measure. The probability valuesPr(Vi) are subject to the
constraint

∑
Pr(Vi)=1 since the set of possible worlds are

mutually exhaustive and exclusive. We have proven that the
maximum entropy-based model provides a Markov chain
of order 1 and therefore is a poor estimate of the unseen
trigrams. Using some topological knowledge (theorem), we
were capable to minimize the perplexity of a languagemodel
assigned to a test corpus. We have thus derived the optimal
model (the one with the lowest perplexity) and compared
our approach with two traditional language models which
are the “Good Turing” and the “Absolute Discounting”. The
results obtained show that the probabilistic logic language
model has significantly outperformed these two traditional
language models when tested on three different test sets of
the Brown corpus containing 19,422 words, 154,251 words,
466,514 words and 1,224336 words, respectively.
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