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Abstract—Hidden Markov models (HMMs) and their variants
are capable to classify complex and structured objects. However,
one of their major restrictions is their inability to cope with
shape or conformation intrinsically: HMM-based techniques
have difficulty predicting the -dimensional shape formed by
the symbols of the visible observation (VO) sequence. In order
to fulfill this crucial need, we propose a novel paradigm that we
named conformation-based hidden Markov models (COHMMs).
This new formalism classifies VO sequences by embedding the
nodes of an HMM state transition graph in a Euclidean vector
space. This is accomplished by modeling the noise contained in
the shape composed by the VO sequence. We cover the one-level
as well as the multilevel COHMMs. Five problems are assigned
to a multilevel COHMM: 1) sequence probability evaluation, 2)
statistical decoding, 3) structural decoding, 4) shape decoding, and
5) learning. We have applied the COHMMs formalism to human
face identification tested on different benchmarked face databases.
The results show that the multilevel COHMMs outperform the
embedded HMMs as well as some standard HMM-based models.
Index Terms—Dual-tree wavelet transform, embedded hidden
Markov models, face identification, hidden Markov models
(HMMs), object contour representation, shape decoding, structural decoding.

I. INTRODUCTION

T

HE traditional HMM model represents a powerful machine learning formalism for observation sequence prediction. This Bayesian framework has been applied in several
research areas with success. However, its broad spectrum of implementation still remains scarce. The main reason behind this
limitation is explained by the fact that HMMs are unable to: 1)
account for long-range dependencies which unfold structural1
information, and 2) intrinsically unravel the shape2 formed by
the symbols of the visible observation (VO) sequence. Because
the traditional HMMs modeling is based on the hidden state conditional independence assumption of the visible observations,
therefore, HMMs make no use of structure. Furthermore, the
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1From “structure” which is the way in which parts are arranged, or put together to form a whole.
2A shape is any subset S
with a boundary @S , usually restricted to
those subsets homeomorphic to a ball.
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fact that the HMM state transition graph is not embedded in a
Euclidean vector space, therefore HMMs make no use of shape
information. This lack of structure inherent to standard HMMs
represents a major challenge to the machine learning and pattern recognition community. It has drastically limited the shape
recognition task of complex objects.
To face this challenge, a few approaches have been proposed.
The hierarchical hidden Markov models (HHMMs) introduced
in [1] and [2] are capable to model complex multiscale structures which appear in many natural sequences. However, the
HHMMs algorithm have difficulty modeling shape information.
The structural hidden Markov models (SHMMs) introduced in
[3] and [4] propound a methodology that identifies the different
constituents of a VO sequence. These constituents known as
“local structures” are computed via an equivalence relation
defined in the space of the VO subsequences. However, the
problem of shape determination of these local structures is not
examined. Other graphical models such as embedded HMMs
(EHMMs) [5], coupled HMMs (CHMMs) [6], factorial HMMs
(FHMMs) [7], event-coupled HMMs (ECHMMs) [8] and
input–output HMMs (IOHMMs) [9] that depict different architectures have also been put forward in the machine learning
community. Their missions consists of boosting the capabilities
of the standard HMMs. Nevertheless, this generalization of the
HMMs to capture local structures did not address the shape
modeling problem of the VO sequence. As far as we are aware,
the embedding of HMMs (or dynamic Bayesian networks
in general) in a Euclidean vector space which allows shape
features to be exploited has not been the object of investigation
by the machine learning and pattern recognition community.
We propose a novel machine learning paradigm that embeds
the nodes of an HMM state transition graph in a Euclidean
vector space [10]. This HMM extension entitled conformation-based hidden Markov models (COHMMs) extends the
traditional concept of HMMs by: 1) segmenting the entire VO
sequence to reveal its constituents, 2) clustering these segments,
and 3) applying wavelet transforms to capture their shapes.
Classification is performed by filtering the Gaussian noise
embedded in a VO sequence shape representation captured by
its external contour.
There exist several applications where COHMMs can be applied. A first application would consist of predicting a protein
3-D fold known as tertiary structure given its primary structure.
This problem is one of the most challenging ones in the area of
proteomics. A second application would be biometrics for face,
or fingerprint identification.
Section II clarifies the notion of a VO sequence. Section III
describes briefly the traditional and the embedded HMMs.
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Fig. 1. Butane molecule. (a) Its VO sequence O CHHHCHHCHHCHHH. Each symbol is either a carbon or a hydrogen atom. (b) VO sequence instantiation
into UNIFs. (c) UNIF shapes captured by their external contours.

Fig. 2. VO sequence of amino acids (protein primary structure) is mapped to its UNIF (Alpha Helix: protein secondary structure) via a particular instantiation
(through stretching). “Hydrophobicity” is thought to be one of the primary forces driving the folding of secondary structures.

Section IV explains the shape mapping between the VO sequence and the shape it depicts. Section V introduces the
concept of COHMMs. We cover the one-level COHMMs, the
optimal segmentation problem, and the multilevel COHMMs.
The application of the COHMMs to human face identification
is presented in Section VI and the conclusion is laid out in
Section VII.
II. THE VISIBLE OBSERVATION SEQUENCE
We define a VO sequence as a flow of symbols ordered by
time. Likewise, we define a unit of information (UNIF) as a
shape formed by a group of symbols. If the entire VO sequence
has a shape, therefore its shape represents a UNIF that we call
object. However, if the VO sequence is made of subsequences
that possess shapes, therefore each shape is by itself a UNIF. In
this case, the sequence of UNIFs obtained represents an entire
object. A UNIF can unfold only through a meaningful organization of the VO sequence. Not all VO sequences constitute
a UNIF but only those which disclose structural components
of the observed object. For example, the butane gas formula
“CHHHCHHCHHCHHH” represents a VO sequence. However, the same formula can be written in a more informative way
as a sequence of UNIFs: “CH
CH
CH
CH .” In this
representation, the shapes of the structural parts of the butane
which are “CH ” and “CH ” are UNIFs. In other words, the
UNIFs are certain rearrangements of their constituent symbols
that produce shapes (see Fig. 1).
A second application would consist of predicting the protein
3-D fold (or conformation) given its primary structure. The
sequence of amino acids “GLY, ILE, VAL, CYS, GLU, GLN,

ALA\ldots ” known as the primary structure is the VO sequence
of the protein 3-D fold (see Fig. 2). The
UNIFs are the protein secondary structures: Alpha-Helix,
Beta-Sheet, Beta-Turn, and others. They represent 3-D forms
of local segments of proteins. However, they do not describe
specific atomic positions in 3-D space, which are considered
tertiary structures. One possible instantiation of the amino acid
sequence produces a protein secondary structure sequence.
III. STANDARD AND EMBEDDED HIDDEN MARKOV MODELS
To better understand the contribution of the COHMMs, we
provide a summarized description of the traditional HMMs [11]
and the embedded HMMs [5].
A. Traditional HMMs
Definition 3.1: A HMM is a doubly embedded stochastic
process with an underlying stochastic process that is not observable (it is hidden), but can only be observed through another set
of stochastic processes that produce the sequence of observations.
B. Elements of an HMM
We now introduce the elements of an HMM, and explain how
the model generates observation sequences. An HMM is characterized by the following parameters:
, the number of hidden states in the model;
•
•
, the number of distinct observation per hidden state,
i.e., the size of the discrete alphabet;
, where
• the initial state distribution
,
, and
;
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• the state transition probability matrix
, where
,
,
and
;
• the emission (or state) probability matrix,
,
at time
,
where
and
, and
. In a continuous
density HMM, the states are characterized by continuous
observation density functions. Generally, the model probability density function is taken as a sum of mixtures of
, where
is
the form
the Gaussian distribution. An HMM is usually represented
.
as
C. The Three Basic Problems of an HMM
There are three basic problems that are assigned to an HMM.
1) Evaluation: Given the observation sequence
and a model
, determine
the probability that this observation sequence was generated by the model .
2) Decoding: Suppose we have an HMM and a VO sequence , then determine the most likely sequence of
hidden states
that generated .
3) Learning: Suppose we are given a coarse structure of a
model (the number of hidden states and the number of obnor
.
servations symbols) but not the probabilities
Given a limited set of training observation sequences, determine these parameters. In other words, the goal is to
search for the model that is most likely to have produced
these observation sequences.
We first focus on the evaluation problem. Let
be the VO sequence of length
and
the state sequence with
as an initial state. The evaluation problem is expressed as follows.
Given a model , and the observation sequence , evaluate the
match between and the observation sequence by computing

(1)
Using the state conditional independence assumption of the visible observation sequence , that is,
, and assuming a first-order Markov chain, we
derive
(2)
The evaluation problem is based on the state conditional independence assumption of the VO sequence symbols. However,
there are several scenarios where a long-range dependency between visible observations is needed. Besides, this dependency
would be much more informative if it were not only temporal
but shape as well. In other words, we would be more advanced
if we knew what shape these related observations are forming.
Unfortunately, the notion of UNIF that calls for shape features is
intrinsically absent in the HMM-based formalisms. It has been
proven that standard HMMs perform well in recognizing amino
acids and consequent construction of proteins from the first level
structure of DNA sequences [12], however, they are inadequate

3

for predicting a tertiary structure of a protein. The reason for this
inadequacy comes from the fact that the same order of amino
acid sequences might have different protein folding modes in
natural circumstances [13]. In other words, it is only the shape
information that enables the discrimination between these different folding modes.
D. Embedded HMMs
A traditional HMM is considered as 1-D. However, if each
hidden state is viewed as a traditional HMM itself then we obtain
a 2-D structure which is known in the literature as an “embedded
HMM” (EHMM). Therefore, we can state the following.
Definition 3.2: An embedded hidden Markov model is a traditional HMM in which each hidden state is by itself an HMM.
These hidden states are called “super states,” whereas each state
inside the super state is called an “embedded state.”
The elements of an embedded HMM are as follows:
and the set of super states
• the number of super states
;
• the initial super state distribution at time 0, ;
• the super state transition probability matrix ;
• the parameters of the embedded HMMs, which are:
1) the number of embedded states in the th super state,
and the set of embedded states;
within the super state
2) the initial state distribution
at time 0;
3) the state transition probability matrix
within the
super state ;
• the emission probability matrix
from each
in the 2-D grid of the embedded HMM.
state
Finally, an embedded HMM is defined as the triplet
, where
.
IV. THE SHAPE MAPPING: PROJECTION ONTO
A EUCLIDEAN SPACE
This section brings forward the shape mapping between a
VO sequence and the shape (or conformation) it forms. External
contour points assigned to UNIFs capture the shape of objects
such as a 3-D mineral structure, or a protein 3-D fold. The thrust
in this task is to investigate how the observation symbols are
seamlessly tied together and transformed to form a meaningful
structure of an object. In the protein fold application, 3-D coordinate points of amino acid atoms in the protein are available
in dedicated repositories, and therefore protein shape extraction
becomes feasible by computing the protein external contour.
However, in order to consider the shape information during the
prediction task of any visible observation sequence , one has
to determine a mapping between a segment of the VO sequence
and the contour of its UNIF. We first map through a function
the VO sequence to its UNIF element: this mapping is called
“sequence instantiation,” since a UNIF is an instantiation of a
VO sequence. We further map through a function the UNIF
to its shape using a contour representation technique. Hence,
repa Fourier or a wavelet coefficient vector
resenting the external contour is computed. This mapping is
called “shape representation.” The composite function
maps the VO sequence
to its shape vector
which is defined in a Euclidean space. This mapping allows
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the HMM-based models to be ingrained in a Euclidean space.
Therefore, distance between shapes can be exploited within the
HMMs framework. The composite mapping is depicted as follows:

( is the total contour length), then using Lin and Hwangs’ direct scheme FD representation [14], we can estimate (using a
of the external contour
as
hat notation) each point

V. CONFORMATION-BASED HIDDEN MARKOV MODELS
The goal of the COHMMs is to classify VO sequences made
of symbols that when grouped together and deformed in a certain manner may exhibit shapes. It is noteworthy that not all sequences of symbols encountered in nature possess this pattern
of disclosing shapes.
Furthermore, the shapes assigned to UNIFs are captured by
their external contours. A contour can be viewed as a discrete
signal that consists of low-frequency and high-frequency contents. The low-frequency content is the most important part of
the signal, since it provides the signal with its identity. This
part is known as the pure signal. However, the high-frequency
signal conveys flavor or nuance. This part is usually associated
with noise. For example, the Fourier transform
of a function
is computed for only a limited number of values
which cover lower and higher frequency terms. Similarly, the
wavelet analysis uses two technical terms which are approximations (low resolution view of the image: low-frequency components) and details (details of the image at different scales
and orientations: high-frequency components). Approximations
refer to the high-scale factor; these components of the signal are
matched with the stretched wavelets. However, details represent
the low-scale factor; these components of the signal are matched
with the compressed wavelets. The thrust behind the concept of
COHMMs is to express the probability distribution assigned to
the shape of the pure signal as a function of the Gaussian distribution assigned to the shape of the signal noise. Therefore,
the tasks in the COHMMs consist of: 1) representing the shape
formed by the VO sequence through any state-of-the-art shape
analysis technique, and 2) modeling the noise uncertainty assigned to the shape via a Gaussian distribution.
A. UNIF Shape Representation
be a VO sequence of length made
Let
of symbols . Let
be the closed contour
representation of length that captures the shape of its UNIF.
Each -dimension point of this contour is designated by
. For the sake of simplicity, we focus
in this paper on 3-D objects
. Object shape representation can be performed in the spatial domain or in the transform
domain. Our goal is to extract the noisy part of a signal during
the shape analysis of the object. If we adopt the 3-D Fourier
descriptor (FD) method to efficiently discriminate the external
(regarded as a
contour of an object, therefore the contour
periodic function) is approximated using an infinite sum of
sine and cosine functions. In a 3-D space, if

where , , , , , and
are the Fourier coefficients
corresponding to the th harmonics. Practically, we are often
satisfied with a finite number of these functions. The inherent
presence of noise in the raw data warrants the use of FDs. In
the scenario where is large, a random noise is added during
the external contour reconstruction. We assume that the noisy
and any other term is part of
part in (3) starts from
the pure signal.
Similarly, if we adopt the 3-D wavelets transform (constructed as separable products of 1-D wavelets by successively
applying a 1-D analyzing wavelet in three spatial directions
, , and , therefore we can still approximate a 3-D signal
using the approximation terms and the details term . These
two component parts of the signal can be separately extracted
using a filter bank. The original signal is the fusion of the
and terms; they both contribute to the reconstruction process
by revealing complementary characteristics of the signal.
Mathematically stated, the inverse transform of a function
with respect to some analyzing wavelet
( :
,
scale, : position) is defined as
where
are coefficients known as
[15]. A discrete
discrete wavelet transform (DWT) of
parametrized closed curve that represents the shape of a 3-D
.
object of interest is the vector
If the wavelet transform is applied independently to each of
,
and
functions, we can describe the
the
3-D curve in terms of a decomposition of
. However, the
noise in the image is contained mostly in the details term
of each coordinate. This random noise which is part of the
whole image signal in the transform domain is modeled probabilistically via a Gaussian distribution function. In conclusion,
whatever image processing technique we intend to use, we can
by decomposing
coarsely approximate the original signal
it into a sum of a pure signal and a noisy signal. We can write
, where
is the 3-D pure signal vector (based on Fourier descriptors,
or wavelet transform coefficients) assigned to low-frequency
is a 3-D Gaussian noise vector assigned
components and
to high-frequency components, with mean vector
and covariance matrix .
B. One-Level COHMMs: Mathematical Formulation
We introduce a mathematical expression of the one-level
COHMMs and the different problems assigned to it. We also
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provide a definition of this model and the parameters involved.
We assume that the external contour of the shape formed by
the UNIF assigned to the VO sequence is computed using any
state-of-the-arts shape analysis technique. We also assume that
the same symbol of a VO sequence can be located at different
-dimension coordinates in the UNIF shape. For example, the
same amino acid can be located at different position coordinates
in a 3-D protein fold. In this scenario, the evaluation problem
is stated as follows. Given a model , the VO sequence ,
and an approximation of its UNIF external contour sequence
, evaluate the match between and this VO
sequence by computing
. If stands for the hidden
state sequence assigned to , then
(3)
Using the conditional probability rule, we have
(4)
expresses a traditional
The product
HMM. Finally, the term that remains to be computed is
. By replacing
with its
decomposition,
we obtain

(5)
However, it is reasonable to assume that the random noise embedded in the contour 3-D points is independent of the hidden
state sequence , but depends only on the visible symbols representing the raw data , therefore

(6)
is a multivariate Gaussian distribution. Finally, the
where
one-level COHMM evaluation problem can be written as

5

and the mean
are
Both the noise
3-D vectors. The mean vector and the covariance matrix are respectively maximum-likelihood (ML)-estimated by the sample
, and the sample covariance
mean vector:
matrix
.
We now define the one-level COHMMs.
Definition 5.1: A one-level COHMM is a quadruple
, where:
is the initial hidden state proba•
bility vector;
is the hidden state
•
transition probability matrix;
at time
is the emission
•
probability matrix;
is the probability
•
distribution function assigned to the noise produced by the
contour points
that belong to
.
Conceptually, we view the generation mode of the COHMMs
formalism as follows. Each symbol of a VO sequence is
at each unit time.
emitted from a hidden state
A sequence of symbols is therefore created and distorted via
the mapping to form a particular UNIF whose shape is produced via the mapping . The one-level COHMMs formalism
produces the conformation assigned to a traditional HMM.Fig. 3
depicts the state transition graph of a one-level COHMMs.
1) The Problems Assigned to a One-Level COHMM: Four
problems are assigned to a one-level COHMMs.
• Probability Evaluation: Given a model and a VO sequence and with its corresponding UNIF external con, the goal is to
tour points sequence
evaluate how well does match .
• Statistical Decoding: In this problem, we attempt to find
the best hidden state sequence. This problem is similar to
problem 2 of a traditional HMMs; it can be solved using
Viterbi algorithm.
• Shape Decoding: In this problem, the task consists of determining the “correct” shape of the UNIF assigned to the
VO sequence via the noise on its external contour.
• Learning: We determine the model parameters
that maximize
.

(7)
Since each noise point on a contour depends only on its observation symbol data , therefore (7) can be extended to

(8)
where

are the

symbols of the VO sequence such that

(9)

C. Multilevel COHMMs
We introduce a mathematical description of the multilevel
COHMMs that generalizes the one-level COHMMs in order to
predict complex VO sequences made of several structural components.
Psychophysical studies [16] have shown that we can recognize objects using fragments of outline contour alone. In this
is viewed as made
context, a VO sequence
of constituents
. Each
is a string of symbols
interrelated in some way. In other words, each VO seis not only one sequence in which all symbols are
quence
conditionally independent, but a sequence that is divided into a
. The task
series of strings
within the multilevel COHMMs is threefold: 1) segment a VO
sequence into “meaningful” pieces, 2) determine the shape
by embedding it in a Euclidean
of each UNIF of a segment
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space, and 3) compute the joint probability of the entire VO sequence with its UNIF sequence.
1) Optimal Segmentation of the Entire VO Sequence: The
goal is to determine a methodology that enables segmenting a
T-element sequence into “meaningful” segments (or strings)
using a predefined criterion. This problem is known as the
segmentation problem. Let
be the set of all segmentations of
into segments. Therefore, the
segmentation problem can be stated as follows. Assume we are given
, where
. How can we
a sequence
among all
determine the best segmentation
possible segmentations of into segments? A segmentation
is defined by
segment boundaries
, generating segments
where
. The best segmentation
is the one that creates homogeneous segments
with respect to some error measure. Depending on the nature of
the data, different error measures can be investigated. We pro,
pose the following error measure:
where is the most representative symbol of the segment
and is a distance. If the data are real valued and defined in
a Euclidean space, therefore the most representative symbol
is the mean and the error measure in this case is simply the
variance. Since there are several possible segmentations
, thus the global error measure is defined as
. Finally, the optimal segmentation
that
task consists of finding the segmentation
minimizes
. Dynamic programming approaches is used
to solve this problem in a tractable and efficient manner [17].
However, the optimal solution may not be unique. There could
be more than one segmentation that minimize the error measure
. Our strategy consists of selecting the one that has
the smallest number of segments .
2) UNIF Formation Through Unsupervised Clustering: So
far, we have defined a UNIF as a shape that can unfold after a
stretch (or a deformation) of a VO subsequence. However, we
have not shown how this process can be achieved. The objective
of this section is to unravel the formation of the UNIF entity.
The UNIFs are built through an unsupervised clustering algorithm applied to a set of vectors representing shapes. Each
cluster gathers the shapes (formed by the constituents ’s) that
are similar in some sense. The organization of the symbols
contributes to the production of the UNIF . For example, a
cloud of points
representing a VO sequence forms a circle
with a certain probability
. This ciror an ellipse
cular (or elliptical) shape is viewed as a cluster that gathers all
round shapes with respect to some metric distance and a fixed
threshold. Therefore, we define the notion of UNIFs as follows.
Definition 5.1: By partitioning the set into a set of clusters.
Each cluster is a UNIF that describes piecewise the global
shape formed by the entire VO sequence .
Fig. 4 depicts examples of two objects that are decomposed
into several UNIFs (or structures).
3) Mathematical Formulation of the Multilevel COHMMs:
We present the mathematical expression of the multilevel
COHMMs. We also give a definition of this model and
the parameters involved. Let

(where
is the number of observations in subsequence
and
is the number of observations in subsequence
,
). Let
be
etc., such that
the UNIF sequence assigned to the subsequences
’s, and
be the sequence of all external
is
contours assigned to the UNIF sequence. The length of
, where
is the length of
equal to
the subcontour
. Each
is mapped to its contour
using the mapping
defined in Section IV. Let
be
the series of 3-D points of each
, and
be the series of the 3-D points of the entire contour
. The
with its external
probability of the observation sequence
(defined piecewise) given a model
can be
contour
written
(10)
Since the model is implicitly present during the evaluation
of this joint probability, therefore it is omitted. We first need to
. It is reasonable to assume that the series
evaluate
depends only on the observation sequence . Thus, using
Bayes’ formula first and then conditional independence of the
, we can write the following:
(11)
We evaluate each term separately. We first start by computing
the first term of (11), which is
. Given the fact that
, we can write
the vector

(12)

(13)
The second term of (11) is computed as follows. For the sake of
simplicity, we assume that depends only on , and the UNIF
probability distribution is a Markov chain of order 1 (illustrated
by Fig. 5). Finally, we can recursively approximate the second
term of (11)

where
If

since the form

(14)
does not exist.
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Fig. 3. State transition graph of a one-level conformation HMM. The digits 1, 2, 3, and 4 represent hidden states. The nodes o are emitted symbols that form a
UNIF whose shape representation is projected onto a Euclidean space.

Fig. 4. Organization of constituents and their shapes in two different objects. (a) 3-D protein fold with
different types of UNIFs corresponding to the facial regions.

helix and

sheet as UNIFs. (b) Human face depicting

Fig. 5. State transition graph of a multilevel COHMM. The global shape of the entire VO sequence is captured piecewise through the UNIFs U extracted from
each local one-level COHMM.

therefore, by regrouping the expressions of all the terms involved in (11), we obtain the final expression of the multilevel
COHMMs
(16)
The uncertainty about the shapes of the external contour
is
formed by the observation sequence

captured by the Gaussian noise probability distribution. The
assigned to
is introduced via the term
.
UNIF
of (16) is viewed as a one-level
Besides, the term
COHMM. Therefore, we can state the following.
Definition 5.2: A multilevel COHMM is a sextuple
, where we have the following.
is the initial hidden state distribution within a constituent
•
, where
and
,
.
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•

•

•

•

•

is the hidden state transition probability distribution ma,
, where
trix within a constituent
and
,
,
.
is the emission probability matrix within a constituent
,
, in which
,
and
,
.
is the posterior probability matrix of a UNIF given its
corresponding constituent ,
,
.
subject to
, the UNIF transition probability matrix, where
,
,
,
.
is the Gaussian probability density function of the noise
formed
contained in the representation of the shape
by the subsequence ; it is written as

.
is the number of hidden states in the model. We label
the individual states as
, and denote the state at
time as , , the number of points in an external contour
, and , the number of distinct UNIFs.
Fig. 5 depicts the state transition graph of a multilevel
COHMM.
4) Problems Assigned to a Multilevel COHMM: There are
five problems that arise in the context of a multilevel COHMM.
• Probability Evaluation: Given a model
and a sequence of observations
, we evaluate how well does the
model match . This problem has been discussed in
Section V-C3. It can be implemented using the forward
procedure as in the traditional HMMs.
• Statistical Decoding: The statistical decoding problem
consists of determining the optimal hidden state sequence
that best “explains” a con•

stituent . This process is repeated for each constituent
of the entire sequence . This task can be implemented
using Viterbi algorithm.
• Structural Decoding: The structural decoding problem
consists of determining the optimal UNIF sequence
such that

Similarly, this
using Viterbi
in each step
ability matrix.

latter expression can be computed
algorithm. However, we estimate
through the UNIF transition probFor example, a sequence such as
can be
derived to describe the global shape formed by the VO
sequence.
• Shape Decoding: The task consists of determining the “corvia the noise
rect” shapes of the UNIFs assigned to
. For example,
embedded in their external contours
the UNIF sequence
is decoded in terms of its contour vector sequence. Likewise, in the protein fold mapping application, because
of the shape consideration, it becomes possible to differentiate between low energy state levels of two protein
secondary structures such as “CompressedHelix” and
“ElongatedHelix” that are often considered to be the
same. This difference is fundamental in proteomics since
the folding mode is related to the energy state level. The
COHMM formalism is inherently suitable for this application: The “structural” decoding would be the equivalent of
protein secondary structure identification, and the “shape”
decoding would relate to the protein tertiary structure
identification.
5) Parameter ReeEstimation: Learning: Many algorithms
have been proposed to reestimate the parameters for traditional
HMMs. For example, Djuric et al. [18] used “Monte Carlo
Markov chain” sampling scheme. In the COHMM formalism,
we have used the standard “forward–backward” (variant of the
generalized expectation maximization algorithm) algorithm
.
to reestimate the model parameters
The goal is to iteratively search for a set of parameters of the
. This is equivalent to
COHMMs that maximize
maximizing the auxiliary function

(20)
We have used a bottom-up strategy that consists of reestimating
,
,
in a first phase and then reestimating
, and
,
, and
in a second phase.
The estimation of the density function
is established through a weighted sum of Gaussian mixtures. The mathematical expression of this estimation is

(17)
(21)
We define

(18)
that is,
is the highest probability along a single path,
at time , which accounts for the first strings and ends in
form . Then, using induction, we obtain
(19)

where
is a Gaussian distribution with mean
and covariance matrix
,
is the mixture coefficient
for the th mixture in . The mixture coefficients are subjects
. This Gaussian mixture posto the constraint
terior probability estimation technique obeys the exhaustivity
. This estimation enand exclusivity constraint
ables the entire matrix to be built. The forward–backward algorithm is used to estimate the matrix . The other parameters
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,
, and
were estimated like in
traditional HMMs [11].
Let us define the following.
as the probability of being at UNIF at time
•
and UNIF at time
given the model and the
observation sequence . We can write

(22)

O is viewed as an ordered visible observation sequence O =
O ; O ; ; O of blocks. Each O is assigned to a facial region such as: “hair”

Fig. 6. Face
...

Using Bayes formula, we can write (23), shown at the
bottom of the page. Then, we define the following probabilities:
;
•
•
;
;
•
;
•
therefore

(H), “both hair and forehead” (HF), “forehead only” (F), “ears” (EA), “eyes”
(E), “nose” (N), “mouth” (M), “chin” (C), etc. These regions come in a natural
order from top to bottom and left to right.

Finally, the parameters of

are estimated as

(24)
We need to compute the following.
•

(29)
.

.
•
requires , , , , , and
• The term
. However, the parameters , , and can be reestimated
as in traditional HMM; in order to reestimate and , we
define
(25)

,
,
,
,
, and
We calculate improved
repeatedly until some convergence criterion is achieved.
1: Begin initialize
,
,
(sample mean vector),
(sample covariance matrix), training sequence , and
2: repeat
3:

We then compute the improved estimates of
as

and

4:

compute

from

and

using (26)

5:

compute

from

and

using (27)

6:

compute
from

(26)

from

7:

; compute
;
;

;

8: until
(27)
(convergence achieved)
9: return

;

From (27), we derive
(28)

10: End

(23)
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The convergence criterion that we have selected halts learning
when no parameter values change more than a predetermined
positive amount . Other popular stopping criteria (e.g., as the
one based on overall probability that the learned model could
have produced the entire training data) can also be used. However, these two criteria can produce only a local optimum of
the likelihood function; they are far from reaching a global optimum.
Algorithm 1: The different steps involved in the multilevel
COHMMs classifier.
• Training:
1) Collect a training set containing VO sequences of
arbitrary sizes.
2) Break up each VO sequence into segments as
explained in Section V-C1.
3) Determine the UNIF element sequence assigned to
these segments through instantiation (function ).
4) Compute the shape representation vectors of these
UNIF elements (function ).
5) Partition these vectors into clusters labeled
.
6) Extract the noise component in each shape
representation vector using a filter bank.
7) Compute the optimal model
for each class
.
• Testing:
1) Classification
Break up each VO sequence into segments
Determine the UNIF elements assigned to these
segments and their contours
For each sequence of the test set Do
Begin
.
Compute
Select the best model and assign its class
to the test sequence .
End
2) Compute the accuracy of the multilevel COHMMs
using a reestimation method.

VI. SELECTED APPLICATION: HUMAN FACE IDENTIFICATION
In order to demonstrate the overall significance of the
COHMMs paradigm, we have implemented some HMM-based
models with different feature extraction techniques to perform
human face identification. The comparison results between all
these classifiers are reported in this section. We show how the
concept of COHMMs can be used to model human faces for an
identification task. We compare COHMMs with the results of
the traditional and embedded HMMs when run on a same set
of face databases.
A. COHMMs Face Modeling
COHMMs approach to face recognition consists of viewing a
, where
face as a visible sequence of blocks of information

O

O

Fig. 7. Block
of the whole face
is assigned through instantiation to a
sequence of norms assigned to the multiresolution detail images. This UNIF
element belongs to the UNIF cluster (or local structure) “eyes.”

each block is a fixed-size 2-D window. Each block image undergoes DWT decomposition, producing an average image and
a sequence of detail images. The subimage is then decomposed
to a certain level and the energies of the subbands are selected
to form a particular representation of a UNIF assigned to the
block . In this application, the DWT represents the instantiation function , which produces a UNIF element vector
defined in a Euclidean space. However, the UNIF is a
cluster made of these UNIF element vectors and is assigned to
a human facial region using an unsupervised clustering algobelongs to some predefined facial
rithm. A UNIF element
regions as depicted in Fig. 6. The UNIF element vectors are obtained by scanning the image from left to right and top to bottom
using the fixed-size 2-D window. In the case one uses Gabor
filters, the original image will be convolved with a number of
Gabor kernels, producing 24 output images. These images are
furthermore divided into blocks using the same fixed-size 2-D
windows as for DWT. The energies of these blocks are calculated. These energies correspond to the different resolutions of
the block images of the face. A UNIF element vector assigned
corresponds to the sequence of
to the observation sequence
matrix norms of the detail images . Therefore, each UNIF
element is a multidimensional feature vector. The clusters are
of the COHMMs; they represent the facial rethe UNIF
gions. These regions are: “hair,” “forehead only,” “both hair and
forehead,” “ears,” “eyes,” “nose,” “mouth,” etc. A subsequence
representing a block image sequence
of the face captures an entire facial region. Each block image
is assigned one and only one facial region. Formally, a UNIF
is a cluster that gathers all “similar” UNIF elements
.
Two UNIF elements (two sets of detail images) are similar if
they share the same individual facial region.Fig. 7 depicts an example of a UNIF and its visible sequence of observations. This
modeling enables the COHMMs to be trained efficiently since
several sets of detail images are assigned to the same facial region.
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Fig. 8. Samples of faces from (a) the GeorgiaTech database [19], (b) the AT&T database [20], and (c) the Essex Faces95 database [21]. The images contain
variation in pose, expression, scale, and illumination, as well as presence/absence of glasses.

TABLE I
COMPARISON OF STANDARD HMMS FACE IDENTIFICATION ACCURACY WHEN
PERFORMED IN THE SPATIAL DOMAIN AND IN THE TRANSFORM DOMAIN
(WITH SELECTED WAVELET FILTERS) (IN PERCENT)

B. Training and Testing COHMMs
The training phase of the COHMMs consists of building
a model
offline, for each human face
during a training phase. Each parameter of this model will be
trained through the wavelet multiresolution analysis applied
to each face image of a person. The face structural decoding
undertaken during training consists of creating the set of clusters representing the UNIFs using an unsupervised clustering
algorithm. The computation of centroids of each cluster made
of multidimensional feature vectors represents the face shape
decoding. The testing phase consists of decomposing each test
image into blocks and automatically assigning a facial region
to each one of them using the -means clustering algorithm.
The value of corresponds to the number of facial regions (or
local structures) selected a priori. The selection of this value
was based in part upon visual inspection of the output of the
clustering process for various values of . When is set to 6,
the clustering process appeared to perform well, segmenting the
face image into regions such as “forehead,” “mouth,” etc. Each
with their facial
face is expressed as a sequence of blocks
regions . The recognition phase is performed by computing
the model that maximizes the likelihood of a test face image.
C. Experiments
Several experiments were conducted using four different
face databases: GeorgiaTech [19], AT&T [20], Essex Faces95
[21], and FERET [22], [23]. The GeorgiaTech database is made
of 450 images (15 color JPEG images at resolution 640 480
pixels) representing 50 people. These individuals are from
different races and genders and with different age intervals. We
have taken 15 images from each individual; these images contain different lighting illumination levels. The AT&T (formerly

ORL) database of faces contains ten grayscale images each
of 40 individuals. The images contain variation in lighting,
expression, and facial details (for example, glasses/no glasses).
The third database used was the Essex Faces95 database, which
contains 20 color images each of 72 individuals. These images
contain variation in lighting, expression, position, and scale.
For the purposes of the experiments carried out, the Essex
faces were converted to grayscale prior to training. The fourth
database used was the facial recognition technology (FERET)
grayscale database. Images used for experimentation were
(regular facial expression),
(alternative
taken from the
(frontal “ ” series),
(alternative exfacial expression),
pression to ) and
(different illumination to ) images
sets. Those individuals with at least five images (taken from
the specified sets) were used for experimentation. This resulted
in a test set of 119 individuals. These images were rotated and
cropped based on the known eye coordinate positions, followed
by histogram equalization. Experimentation was carried out
using Matlab on a 2.4-GHz Pentium 4 PC with 512 MB of
memory. Fig. 8 shows some images taken from the GeorgiaTech database [Fig. 8(a)], the AT&T database [Fig. 8(b)],
and the Essex database [Fig. 8(c)].
• Face Identification Results using Wavelet/Standard
HMMs. In order to compare the COHMMs approach
with the standard HMMs, we have carried out a set of
experiments that uses different wavelet filters for feature extraction with HMMs-based face identification.
A variety of DWT filters were used, including Gabor
DWT/Haar, DWT/biorthogonal9/7, and DWT/Coiflet(3).
The observation vectors were produced using the matrix
(described in Section VI-A), with both
norm sequence
height, and width of observation blocks set to 16, with
overlap of 4 pixels. The blocks size was set so that significant structures/textures could be adequately represented
within the block. The overlap value of 4 was deemed large
enough to allow structures (e.g., edges) that straddled the
edge of one block to be better contained within the next
block. Wavelet decomposition was conducted to the fourth
decomposition level allowing a complete decomposition
of the image. In the case of Gabor filters, six scales and
four orientations were used, producing an observation
blocks of size 24. The experiments were implemented
using fivefold cross validation. This involved splitting the
set of training images for each person into 5 equally sized
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TABLE II
COMPARISON OF FACE IDENTIFICATION ACCURACY USING WAVELET/HMM AND WAVELET/COHMMS (IN PERCENT)

sets and using 4 of the sets for system training with the
remainder being used for testing. The experiments were
repeated five times with a different set used for testing
each time, to provide more accurate error rate estimation.
Therefore, with the AT&T database, eight images were
used for training and two for testing during each run.
When using the Essex Faces95 database, 16 images were
used for training and four for testing during each run.
For the FERET database, four images per individual were
used for training, with the remaining image being used for
testing. Finally, in the case of GeorgiaTech database, for
each person we have used ten face images for training and
the remaining five for testing.
One HMM was trained for each individual’s face in the
database. During testing, an image was assigned an identity according to the HMM that produced the highest likelihood value. As the task being performed was face identification, it was assumed that all testing individuals were
known individuals. Accuracy of an individual run is thus
defined as the ratio of correct matches to the total number
of face images tested, with final accuracy set to the average
accuracy of all the five cross-validation runs. The accuracy
for the HMM-based face recognition performed in both the
spatial and the transform domains are presented in Table I.
As can be noticed from Table I, the use of DWT for feature extraction improves recognition accuracy in all face
databases. One of the main reasons for this improvement
is due to the compression and the decorrelation properties
of these wavelet filters for natural images. With the AT&T
database, accuracy increased from 87.5% when the observation vector was constructed in the spatial domain, to
96.5% when the Coiflet(3) wavelet was used. This jump
represents a relative improvement classification rate of
10.3%. The increase in recognition rate is also appearing
in the larger Essex95 database. Recognition rate increased
from 71.9% in the spatial domain to 85.6% in the wavelet
domain. As previously, the Coiflet(3) wavelet produced
the best results. Recognition rate also increased for the
FERET database, with the recognition rate increasing
from 31.1% in the spatial domain to 40.5% in the wavelet
domain. DWT has been shown to improve recognition
accuracy when used in a variety of face recognition approaches, and clearly this benefit extends to HMM-based
face recognition. Using Gabor filters increased recognition
results even further. The identification rate for the AT&T
database rose to 96.8% and the Essex figure jumped to
85.9%. A similar pattern is observed with the GerogiaTech
face database. Finally, the recognition rate for the 2D-DCT
(discrete cosine transform [24]) is rather lower than the

TABLE III
ACCURACY RESULTS (IN PERCENT) ON AT&T DATABASE AND GEORGIATECH
DATABASE USING DISCRETE COSINE TRANSFORM (2D-DCT) [24],
INDEPENDENT COMPONENT ANALYSIS (ICA) [26], WEIGHTED
PRINCIPAL COMPONENT ANALYSIS (PCA) [27], AND GABOR
FILTERS/RANK CORRELATION (GFRC) [28]

wavelet domain but higher than the spatial domain except
for the AT&T database.
• Face Identification Results using Wavelet/COHMMs.
Other experiments were run in order to find out if the
COHMMs provided a benefit over the standard and the embedded HMMs for face recognition. The same parameters
(such as block size) were used for COHMMs as well as
for standard and embedded HMMs. The experiments were
conducted only in the wavelet domain, due to the satisfying results produced during the previous experiments.
The recognition accuracy for COHMMs face recognition
is presented in Table II. As can be seen from the results,
the use of COHMMs increased recognition accuracy in
all test cases. Indeed, the relative improvement rate from
Haar/HMMs to Haar/COHMMs is around 3% when tested
using the AT&T database. This is a significant increase in
performance at this level of accuracy. The most significant
increases in performance, however, were for the FERET
data set. The use of fivefold cross-validation constrained
options when it came to choosing images for experimentation. As the system was not designed to handle images
with any significant degree of rotation, they were selected
from those subsets which were deemed suitable— , ,
, , and . Within these subsets, however, was variation
in illumination, pose, scale, and expression. Most significantly, the “ ” set images were captured in different sessions from the images in the “ ” sets. Coupled with the
number of identities in the FERET data set that were used
(119), the variation among the images made this a difficult
task for a face identification system. This fact explains why
the recognition rates for wavelet/HMM are rather low for
this database, ranging from 35.8% when Haar was used to
42.9% for Gabor.
Experiments were also conducted to allow comparison
of the results with those reported in the literature such
as the 2D-DCT/EHMM [19], [25]. Although the ability
to compare works was an important consideration in the
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TABLE IV
COMPARISON OF TRAINING AND CLASSIFICATION TIMES FOR AT&T DATABASE IMAGES (IN SECONDS)

creation of the FERET database, many authors use subsets
from it that match their particular requirements. There
are, however, many studies in the literature using the
AT&T database that select 50% of the database images for
training and the remaining 50% for testing. With this in
mind, an experiment was performed with these characteristics. Table III shows that the DWT/COHMM approach
performs well when compared with other state-of-the-art
techniques that have used this data set. DWT/COHMM has
outperformed the 2D-DCT/EHMM with a 1.4% improvement on the AT&T database and 1.5% on the GeorgiaTech
database. These improvements are considered to be substantial as it is difficult to do better as we get closer to the
100% top accuracy.
Furthermore, there is an important factor in a face recognition application which is the time required for both training
and testing. As is depicted by Table IV, this time is reduced substantially when DWT is being employed. Feature extraction and HMM training took approximately 7.24
s per training image when this was performed in the spatial domain using the AT&T database, as opposed to 1.09
s in the wavelet domain, even though an extra step was required (transformation to wavelet domain). This is a very
substantial time difference and is due to the fact that the
number of observations used to train the HMM is reduced
by a factor of almost 30 in the wavelet domain. The time
benefit realized by using DWT is even more obvious during
the recognition stage, as the time required is reduced from
22.5 to 1.19 s. The COHMMs approach increases the time
spent for both training and classification compared to the
DWT/HMMs, although this is compensated by better results in recognition accuracy. Fortunately, the increase in
time taken for classification is still a vast improvement on
the time taken for HMM recognition in the spatial domain.
Finally, COHMMs’time for training and testing is lower
than the 2D-DCT/EHMM, but the difference is not very
substantial since they are close in complexity.
• Other Results for Face Identification. Besides, other results of face identification tested on the GeorgiaTech (GT)
database using “coupled HMM” (CHMM) and some combinations of “embedded and coupled HMM” (ECHMM)
have been reported in the literature (refer to [25]). For a
comparison purpose, we find it useful to depict these results in Table V.
These results indicate that the combination CHMM-HMM represents the highest accuracy achieved so far when tested on
the GT database. This improvement is due in part to the flexibility of the coupled HMMs towards face variations, scaling,
and rotations predominant in the GT database. However, the
“embedding effect” seems to slightly worsen the performance.

TABLE V
FACE IDENTIFICATION ACCURACY (IN PERCENT) USING EHMM,
TWO COMBINATIONS OF HMM/CHMM, AND ECHMM

Nevertheless, this drop in performance is not very significant
and therefore may not be conclusive. Furthermore, it is worth
to investigate whether the number of hidden layers (made of
hidden states) in the EHMM/ECHMM framework is related to
the shape decoding exhibited in the COHMMs formalism. Increasing the number of hidden layers will allow capturing face
peculiarities but it will also raise the complexity of the ECHMM
model (number of parameters to estimate). This is not an issue
in the COHMMs formalism since the structural and shape decoding are both based on an unsupervised clustering. However,
the validity of this clustering has to be tested adequately.
VII. CONCLUSION
We have devised a novel machine learning paradigm that
extends an HMM state-transition graph to account for local
structures as well as their shapes. This projection of a discrete
structure onto a Euclidean space is needed in several pattern
recognition tasks. Long-range structural dependencies with
their metric information can therefore be explored. The results
obtained from the selected application demonstrate the significance of the COHMMs formalism. The COHMMs classifier
has outperformed both the traditional and the embedded HMMs
classifiers. This achievement has revealed the predominant role
of the local structure shape information assigned to a time series
(sequence of data). An evaluation of further experiments with:
1) an increase of the number of images used in the training
set which allow for a more robust estimation of the COHMM
parameters, 2) a more discriminative mechanism between
block windows, 3) an optimal number of UNIFs selected in
the -means clustering algorithm, and 4) a different shape
representation technique, is underway. We believe that the
embedment of shape properties within the HMM framework
will leapfrog the mathematical modeling of spatial objects.
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