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DIRECT ADAPTIVE FUZZY CONTROL OF
NONLINEAR SYSTEM CLASS WITH
APPLICATIONS
H. Chekireb,∗ M. Tadjine,∗ and D. Bouchaffra∗∗

Abstract

success in the domain of neural networks [10, 11] because of
their learning ability and universal approximating power.
Hence, the combination of learning, adaptivity, and uncertainty enabled researchers to derive adaptive (or neuro)
fuzzy controllers. These new models ensure the stability of
the overall system and the convergence of the plant output
towards a given reference signal. As an adaptive system
with a finite number of parameters cannot reproduce the
ideal control law, therefore an approximation error is always present. In order to compensate for this minimum
approximation error and to ensure the stability in bounded
state region, a sliding-mode term is incorporated in control
law. The researchers in [1–3] give a solution to this inherent error problem, assuming the existence of plant upper
bound. A solution, where the sliding is added to fuzzy
adaptive law, is investigated in [4], whereas in [5] the adaptive FLS and SMC are used alternatively, depending on the
switching conditions. The concept of persistent excitation
is introduced in adaptive fuzzy control system in [6]. This
concept ensures the convergence and the boundedness of
adaptation parameters in the presence of approximation
error and external disturbance.
The achievement H∝ tracking performance using direct and indirect adaptive fuzzy controllers is proposed in
[7]. In [8] and [9] the concept of parallel distributed compensation controller is synthesized for stable direct and
indirect adaptive fuzzy control.
The upper bounds of the minimum approximation error assigned to the model and the learning coefficients are
rigidly fixed by the designer. Therefore, in the presence
of uncertain nonlinearities, the controller guarantees that
the output tracking errors lie within a ball whose radius
is proportional to the size of uncertainties. Moreover, the
sliding term, used to counteract the minimum approximation error, operates by constant coefficients. Therefore,
a large external disturbance may increase this error, and
its elimination is possible only if the sliding term effect is
sufficiently large. In some cases, the process control will
probably fail, and it appears more interesting to investigate
the adaptive fuzzy control law considering the unknown
upper bounds on the structure plant.
In this article a new direct adaptive fuzzy control
method is proposed for a class of MIMO nonlinear plant

In this article we propose a direct adaptive fuzzy control method for
MIMO nonlinear plant encountered mainly in robotics. The fuzzy
adaptive law ensures the stability, convergence of the controlled
outputs, and "boundedness" of adaptation parameters. In this
method, the approximation error of the fuzzy logic system is
estimated by an adaptive law independently of external disturbances.
Moreover, the fuzzy adaptive law incorporates a compensatory
sliding term, which in turn depends on this estimated error. It leads
to an adaptive compensation of approximation error. Simulations
for cylindrical robot and induction motor are conducted to show the
effectiveness of the proposed method.

Key Words
Nonlinear plant, fuzzy adaptive law, external disturbances, dynamic error, stability analysis, Lyapunov function, three-joint robot
manipulator, induction motor

1. Introduction
There is much interest in fuzzy logic systems (FLS) because
of their ability to treat fuzzy variables and to induce the
control law on the basis of approximate reasoning. By approximate reasoning we refer to a type of reasoning that is
neither very exact nor very inexact. FLS aims at modelling
the human reasoning and thinking process with linguistic
variables. It are very useful when the controlled plant have
some uncertainties or unknown variations. However, in
order to maintain a consistent performance in the presence
of real uncertainties, recourse to adaptive control is in most
cases unavoidable.
Fuzzy adaptive control has been the subject of intensive research during this last decade [1–9]. Many methods have been proposed in which the fuzzy logic system
is employed to approximate online the structure plant.
Generally, the model obtained by fuzzy logic systems depends linearly on unknown parameters that lead to use of a
Lyapunov-based learning scheme. It was first applied with
∗
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encountered in robotics. This method “relaxes” the knowledge of the plant upper bounds by introducing underlying
adaptation law. This law ensures the convergence and
boundedness of adaptation parameters in the fuzzy systems. Furthermore, it ensures an estimation error on the
plant structure by means of an adaptive algorithm independently of the external disturbances. As the compensatory
sliding term itself depends on this estimated error, it leads
to an adaptive compensation. By reducing the sliding term
preponderance, it is possible to avoid the generation of
higher-frequency mode-switching control signals that may
excite high-frequency modes of unmodelled dynamics.

θ = [a1 a2 ... aM ]T
and wT (x) is a regressive vector defined as:
T

w (x) =

(1)



(6)

(7)

y=x

(8)

where Ωc ⊆ <n.p is a subspace through which the state
trajectory may travel under closed-loop control and F0 is
known;
The function G(X)∈ <n×1 is a nonlinear function; it is
composed of ill-known but bounded continuous functions.
The states X ∈ <n.p×1 are accessible.
Assumption A2: By exploiting the approximation
proprieties of the fuzzy logic system defined in (4), we
assume that the real nonlinear functions F(X) and G(X)
are provided by the zero-order Sugeno-Tagaki fuzzy system
based on M rules:

(2)

(3)

i=1

where µAli
i (xi ) is the membership function of xi associated
to fuzzy set Ali
i .
k
In (1), we fix the µAli
i (xi )’s and a ’sform the adjustable
parameters; z(x) can be rewritten as :
z(x) = wT (x).θ

k=1

Ḟ (X) < F0 kXk ∀X ∈ Ωc withF0 > 0

αk

µAli
i (xi )withli ∈ {1, ..., mi }

#

where x = [x1 ...xn ]T and the notation x(p) stands for the
p-th order time derivative of the variable (x). Moreover,
the vectors X = [(x(p−1 )T ..xT ]T , u = [u1 ...un ]T , and y =
[y1 ...yn ]T are, respectively, the states, the control input,
and the plant outputs. The control objective is to elaborate
a required control law u that forces the output y to follow
their reference yd . In order to achieve this goal, we first
introduce some realistic assumptions.
Assumption A1. We assume that:
The function F(X)∈ <n×n is a positive-definite matrix
fulfilling:

where αk denotes the firing strength of the Rk rule, which
is evaluated by using product inference and implication as:
n
Y

αM
M
P
αk


 u = F (X)x(p) + G(X)

k=1

αk =

k=1

...

Our goal is to build a fuzzy adaptive control system for
a certain class of nonlinear dynamic systems encountered
mainly in robotics. This class is of the form:

αk .ak

k=1
M
P

α2
M
P
αk

3. Problem Statement

where x = (x1 ,...,xn )T ∈ R n and zk ∈ R are, respectively,
the input of the fuzzy logic system and the consequent of
the k-th rule. Here, the label Ali
i associated to input xi
(i= 1,2,...,n) is a fuzzy set in U i where the indices li takes
a value in {1, ..., mi } and mi is the number of fuzzy sets
characterizing the input xi . The coefficient ak (for k =
1,2,...M) is a constant coefficient of consequent part for the
k-th fuzzy rule. The number of rules M is defined by the
Cartesian product as: M = m1 ⊗ m2 ⊗ .... ⊗ mn .
In this article we employ the product operation for
fuzzy implication and T-norm. The definition of the
product operation is the same as in [13]. Besides, the
singleton fuzzifier and weighted average deffuzzification are
used. The overall output value z(x) is :

z(x) =

α1
M
P
αk

In the sequel, the fuzzy logic system for multi-input
single output system is represented by the mathematical
model (4).

The fuzzy logic system performs a mapping from
U 1 ×...×U n ⊂R n to R where each U i ⊂R, i=1,2,...,n.
For the proposed fuzzy logic system we use the implication
and the reasoning method suggested by Takagi and Sugeno
(TS) [12]. Consequently, the fuzzy IF-THEN rules are
expressed as:

M
P

"

k=1

2. Description of the Used Fuzzy Logic System

ln
k
Rk : if x1 is Al1
1 and.......xn is An thenzk = a

(5)

(4)

F (X) = W T (X).θF• + εF (X)

(9)

•
G(X) = W T (X).θG
+ εG (X)

(10)

•
are the best (or optimal in some sense) and
where θF• , θG
εF (X), εG (X) are the unavoidable reconstruction errors
[13].

where θ is the parameter vector given by:
2

In accordance with the employed FLS the terms WT ,
θF , and θG are organized as:


WT

wT

0

0

 0 wT 0 0

=
 ... ... ... ..
0

0



0

0 wT



• (1, 1) θ • (1, 2) ... θ • (1, n)
θF
F
F

where λi is positive coefficient, ei = xdi − xi with i=1...n,
and xdi stands for the desired i-th output. We obtain:


(p−1)

S i = λi


 θ• (2, 1) θ• (2, 2) ... θ• (2, n) 
 •


F
F
 ; θF =  F


 ...

...
...
...

T
θF• (i, j) = [a1ij a2ij ...aM
ij ] andi, j = 1..n

(13)

where:

•
Gi
Gi T
θGi
= [aGi
1 a2 ...aM ] andi = 1...n



 α

1
wT (x) =  M
P
αk
k=1

αk =

n
Y

(14)

k=1

Si = cTi Yi

(20)

iT
h
(p−1)
Yi = ei ėi ... e(p−2)
e
i
i

(21)

with:



α2
αM 

...

M
M
P
P

αk
αk

(p−1)

+ ei

(19)
Notice that Si = 0 achieves the asymptotic stable track(p−1)
+ (p −
ing, as the roots of polynomial hi (s) = λi
(p−2)
(p−2)
(p−1)
s + ....(p − 1)λi s
+s
related to the char1)λi
acteristic equation of Si = 0 are all in the open left-half
plane via the condition λi > 0 with I = 1..n.
The relation (19) can be rewritten in the following
compact form:

(11)
(12)

(p−2)

ėi + ....(p − 1)λi ei

with i = 1..n

• (n, 1) θ • (n, 2) ... θ • (n, n)
θF
F
F

h
iT
•
• T
• T
•
θG
= ( θG1
) (θG2
) ... (θGn
)T

(p−2)

.ei + (p − 1)λi

(15)
i
h
(p−2)
cTi = λ(p−1)
...
(p
−
1)λ
1
(p
−
1)λ
i
i
i

k=1

(22)

Consequently the vector S takes the form:
µAli
i (xi )f orli

∈ {1, ..., mi } andk ∈ {1, ..., M } (16)

S = CT Y

i=1

(16)
Remark 1. Notice that, in robotics, the function F(X)
is the inertia matrix, which is symmetrical and positivedefinite. The bounded function G(X) represents globally
the effect of Coriolis and centrifugal forces, the gravitational torques (or forces), viscous and/or dynamic friction coefficients, unstructured friction effects such as static
friction terms, disturbances, or unmodelled dynamics [14].

(23)

where:
i
h
C T = diag cT1 cT2 ... cTn−1 cTn

(24)

iT
h
T
Y = Y1T Y2T ... Y(n−1)
YnT

(25)

(n×p.n)

(p.n×1)

4. The Control Synthesis
The dynamic of Si is given by:
In this section, our purpose is to develop a suitable direct
fuzzy adaptive control law for the plant represented by the
dynamic (7). We first determine the dynamic of the filtered
tracking error as a function of the fuzzy plant model, the
desired trajectory, and the input vector. We next, using
Lyapunov synthesis approach, search a direct fuzzy control
law in order to ensure filtered tracking error convergence,
the boundedness of the adaptive parameters, and all plant
signals.

(p)

Ṡi = cTri Yi + ei andi = 1..n

(26)

where cTri is:
h
i
(p−2)
cTri = 0 λ(p−1)
(p − 1)λi
... 0.5(p − 1)(p − 2)λ2i (p − 1)λi
i
(27)
and therefore the dynamic of S can be written into the
following form :

4.1 Tracking Dynamic Error
Ṡ = CrT Y + e(p)

(28)

Let us introduce the filtered tracking error as:
S = [S1 S2 ...Sn ]T

where:
(17)
h
i
CrT = diag cTr1 cTr2 ... cTrn cTrn−1

with:

(29)

(n×p.n)

Si =



∂
+ λi
∂t

(p−1)

.ei f orλi > 0

h
iT
e = e1 e2 ... en−1 en

(18)
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(30)

Then, under assumptions (A1) and (A2) we have:
S, Y, x, u, are bounded and S→0, Y→0 as t→ ∞.
•
θ̂F → θF• ; θ̂G → θG
as t→ ∞.

From relation (7) we obtain:
x(p) = F −1 (X) (u(t) − G(X))

(31)

Proof. We consider the Lyapunov function candidate:
(p)

(p)

xd − x(p) = xd − F −1 (X) (u(t) − G(X))

(p)

e(p) = xd − F −1 (X) (u(t) − G(X))

(32)

V1 =

(p)

•
θ̃F = θF• − θ̂F andθ̃G = θG
− θ̂G

(p)

1
1 T˙
1 T
˙
θ̂G − trace(θ̃FT θ̂F )
S Ḟ (X)S + S T F (X)Ṡ − θ̃G
2
γ1
γ2
(46)
Substituting in (46) the term F (X)Ṡ by its expression
(38), V̇ becomes:

(34)

V̇1 =

(35)

V 1 =

Ṡ = Yref − F −1 (X) (u(t) − G(X))

1 T 
S F (X)
2


•Y
T •
+ S T W T θF
ref + W θG + εF Yref + εG − u(t)
T θ − 1 trace(θ̃ T θ )
− γ1 θ̃G
G
F F
γ
1

(36)

2

(47)
Now, we introduce in (47) the adaptive control law
u(t) given by (39); we obtain :

This is equivalent to:
F (X)Ṡ = F (X)Yref + G(X) − u(t)

(45)

Differentiating the Lyapunov function V1 with respect
to time, we obtain:

we define the filtered reference by:
Yref = xd + CrT .Y

(44)

with:

(33)

Let us substitute e(p) given by (33) in the expression
(28) of the dynamic for filtered tracking error; it follows
that:
Ṡ = CrT Y + xd − F −1 (X) (u(t) − G(X))

1 T
1 T
1
θ̃ θ̃G +
trace(θ̃FT θ̃F )
S F (X)S +
2
2γ1 G
2γ2

V̇1 = −kd S T S + 21 S T Ḟ (X)S − 21 S T F0 kXk .S+

(37)

S T (εF Yref + εg ) − S T usl + (S T W T θ̃F Yref )
˙
T ˙
− γ12 trace(θ̃FT θ̂F ) + S T W T θ̃G − γ11 θ̃G
θ̂G

Using assumption A2, the filtered tracking error dynamic (37) can be transformed into the final form:

(48)

•
F (X)Ṡ = W T .θF•. .Yref + W T θG
+ εF (t)Yref + εG (t) − u(t)
(38)

Let us introduce the parameters adaptive law (40),
(41) in expression (48); this leads to:

4.2 Stability Analysis

V 1 = −kd S T S + 12 S T F (X)S − 12 S T F0 kXk .S + S T (εF Yref + εG )−


T W S(Y
T +
S T usl + (S T W T θ̃F Yref ) − trace θ̃F
ref )

Proposition 1. If the system (7) is conducted by the
following adaptive control law:

T WS
S T W T θ̃G − θ̃G

T

˙
θ̂G = γ1 W.S

(41)

T



(49)
, therefore

V̇1 is reduced to:
V̇1 = −kd S T S + 21 S T Ḟ (X)S − 21 S T F0 kXk .S+

where the vector parameters θ̂F and θ̂G are updated by the
law :
(40)



As S W θ̃F Yref ) = trace (θ̃F ) W SYref

1
u(t) = kd S + W T θ̂F Yref + W T θ̂G + F0 kXk S + usl (39)
2

˙
θ̂F = γ2 W.S.(Yref )T

T

S T (εF Yref + εG ) − S T usl

(50)

The following inequality is always fulfilled:
V̇1 6 −kd S T S + 21 S T Ḟ (X) S − 21 S T F0 kXk .S + kSk .
(kεF k . kYref k + kεG k) − S T usl
(51)
By introducing the sliding terms usl given by (42), we
obtain:

and the sliding term usl is given by:
usl = (ε̄F kYref k + ε̄G ) sign(S)

(42)

V̇1 6 −kd S T S + 21 S T Ḟ (X) .S − 21 S T F0 kXk .S + kSk .

with:
ε̄F > sup kεF (t)k andε̄G > sup kεG (t)k
t>0

(kεF k . kYref k + kεG k) − kSk . (ε̄F . kYref k + ε̄G )

(43)

(52)

t>0

4

5. Case where the Bounds F 0 , ε̄F , and ε̄G are IllKnown

The assumption A1 and conditions (43) leads to:
V̇1 6 −kd S T S < 0 ∀S 6= 0

(53)
In the precedent case, the developed adaptive control law
for the nonlinear system (7) necessitates the bound F0 of
the function Ḟ (X) and bounds of the reconstruction
error ε̄F and ε̄G associated, respectively, to the function
F(x) and G(X). In this section, we assume that the bounds
(F0 , ε̄F , ε̄G ) are unknown, and we propose an adaptive
law for these bounds such that the adaptive control law is
able to “force” the plant (7) to follow the desired trajectory
xd (t).
Proposition 2. If the system (7) is conducted by the
following adaptive control law:

Therefore, the function V1 given by (44) is a Lyapunov function for the closed-loop system (38), (40),
and (41). Hence, S, θ̂F ,θ̂G are bounded and S→0 as
t→0 [15]. As S→0, from (23), we deduce that Y =
iT
h
(p−1)
→0 as t→0. As
, ..., en ėn ... en(p−1)
e1 ė1 ... e1
the desired trajectories xd and its derivatives are assumed
available and bounded, we have x, X∈ L∞ .
The boundedness of control law u(t) is directly established from the boundedness of X,θ̂F , and θ̂G . Now, let us
show that θF andθG ∈ L2 . First let us define Vθ by:
1
Vθ =
γ1

Z∞

T
θ̃G
θ̃G dτ +

1
γ2

Z∞

0

trace(θ̃FT θ̃F )dτ

u(t) = kd S + 21 F̂0 kXk .S + W T θ̂F Yref + W T θ̂G + ε̄ˆF kYref k

(54)

sign(S) + ε̄ˆG sign(S)

0

(61)
where the vector parameters θ̂F and θ̂G are updated by :

From the expression (44) of V1 , we deriveVθ :
Vθ =

Z∞

1
V1 dτ −
2

Z∞

S T F (X)Sdτ

(55)

˙
θ̂F = γ2 W.S.(Yref )T

(62)

˙
θ̂G = γ1 W.S

(63)

0

0

As F(X) is positive-definite, the following inequality is
fulfilled:
2

T

S F (X)S > σ̄. kSk withσ̄ = F

−1
∞

and the parameter bounds F̂0 , ε̄ˆF , ε̄ˆG are adapted such
that:

(56)

˙
F̂0 = η1 kXk . kSk

(64)

ε̄ˆ˙F = η2 kYref k . kSk

(65)

ε̄ˆ˙G = η2 kSk

(66)

Therefore, we can write:
Vθ 6

Z∞

σ̄
V1 dτ −
2

Z∞

2

kSk dτ

(57)

0

0

Note that the expressions (53), (44), and (45) mean
V1 is bounded and none is increasing with time; hence it
has a finite limit:
lim V1 (S, θ̃F , θ̃G ) = V∞ < ∞and

t→∞

Z∞

V1 dτ ∈ L∞

where γ1 , γ2 , η1 , η2 >0.
Therefore, under assumptions (A1) and (A2) we have:
1. Y, x, u, are bounded
˙
•
2. Y→0 as t→ ∞ and θ̂F → θF• ; θ̂G → θG
as t→ ∞.

(58)

0

Moreover, the inequality (53) leads to:
Z∞

2

(kSk )dτ 6 −

0

Z∞

1
kd

Z∞

V̇1 dτ

Proof. We consider the Lyapunov function candidate:
V2 = 12 S T F (X)S +

(59)

1 ˜ 2
2η2 (ε̄F )

0

+

1 T
2γ1 θ̃G θ̃G

+

1
T
2γ2 trace(θ̃F θ̃F )

+

1
2
2η1 (F̃0 ) +

1 ˜ 2
2η2 (ε̄G )

(67)
2

(kSk )dτ 6

1
(V0 − V∞ ) ∈ L∞
kd

with:

(60)

0

F̃0 = F0 − F̂ ,

with V0 = V1 (S(0), θ̃F (0), θ̃G (0)). The conditions (58)
and (60) entail that Vθ ∈ L∞ , which means that θ̃F
andθ̃G ∈ L2 . Because WF , WG ,Yref and S ∈ L∞ , it follows
˙
˙
from (40)-(41) that θ̃F and θ̃G ∈ L∞ which, together with
θ̃F and θ̃G ∈ L2 implies, using Barbalat lemma [15], that
θ̃F and θ̃G →0 as t→ ∞

ε̄˜F = ε̄F − ε̄ˆF ,

ε̄˜G = ε̄G − ε̄ˆG

(68)

Differentiating the Lyapunov function V2 with respect
to time, we obtain:
V̇2 = 21 S T Ḟ (X) + S T F (X)Ṡ −
˙
˙
˙
1
1 ˜ ˆ
1 ˜ ˆ
η1 F̃0 F̂0 − η2 ε̄F ε̄F − η2 ε̄G ε̄G

1 T ˙
γ1 θ̃G θ̂G

−

1
T ˙
γ2 trace(θ̃F θ̂F )−

(69)
5

Substituting, in (69),F (X)Ṡ by its expression (38), V̇2
become:
V 2 =

1 T 
•Y
T •
S F (X) + S T W T θF
ref + W θG + εF Yref + εG −
2


1 T 
1
1
T
− γ θ̃G θG − γ trace(θ̃F θF ) − η F̃0 F0 − η1 ε̄˜F ε̄F − η1 ε̄˜G ε̄G
1
2
1
2
2

The boundedness of control law u(t) is directly deduced
from the boundedness of (x, X,θ̂f θ̂F ,θ̂G , F̂0 , ε̄ˆF , ε̄ˆG ). To
show thatθ̃F , θ̃G ,F̃0 , ε̄˜f , ε̄˜g →0 as t→ ∞ we perform the
same procedure (relation from (54) to (60)) by noticing
that, in this case, Vθ is defined by :


u(t)

(70)
Now, we introduce in (70) the adaptive control law
u(t) given by (61); we obtain :
V̇2 = 21 S T Ḟ (X)S − 12 S T F̂0 kXk .S −

Vθ =
1
2η1

˙
1
η1 F̃0 F̂0 +

1
2γ1

R∞

R∞
0

T
θ̃G
θ̃G dτ + 2γ12

(F̃0 )dτ +

0

1
2η2

R∞
0

R∞

trace(θ̃FT θ̃F )dτ +

0

(ε̄˜F )dτ + 2η12

R∞

(77)
(ε̄˜G )dτ

0

S T (εF Yref + εG ) − S T (ε̄ˆF kYref k + ε̄ˆG ).sign(S)
˙
− η12 ε̄˜F ε̄ˆ˙F − η12 ε̄˜G ε̄ˆ˙G + (S T W T θ̃F Yref ) − γ12 trace(θ̃FT θ̂F )
T ˙
+S T W T θ̃G − γ11 θ̃G
θ̂G )
(71)
Introducing the parameters adaptive law (62) and (63)
in expression (71) leads to:

which can be written as:

V̇2 = −kd S T S + 12 S T Ḟ (X)S − 12 S T F̂0 kXk .S−
˙
1
T
T ˆ
ˆ
η1 F̃0 F̂0 + S (εF Yref + εG ) − S (ε̄F kYref k + ε̄G ).sign(S)
− η12 ε̄˜F ε̄ˆ˙F − η12 ε̄˜G ε̄ˆ˙G + (S T W T θ̃F Yrerf )−


T
trace θ̃FT WF S(Yref )T + S T W T θ̃G − θ̃G
WG S
(72)
V̇2 is reduced to:

6. Tracking Control of a Three-Joint Robot Manipulator

V̇2 = −kd S T S + 12 S T Ḟ (X)S − 12 S T F̂0 kXk .S −

Vθ =

0

˙
1
η1 F̃0 F̂0 +

η2 G G

The following inequality is always fulfilled:

η2










G G

(74)

η2 F F

G

˙
1
η1 F̃0 F̂0

+ ε̄˜F kYref k . kSk

η2 G G

(75)
Using the adaptive law (48)–(50) of the parameter
boundsF̂0 , ε̄ˆF , ε̄ˆG , we obtain:
V̇2 6 −kd S T S < 0 ∀S 6= 0

(78)

0



τ1 = J2 + J3 + (m3 .(x3 − l3 )2 + m0 x23 .ẍ1 −

2. [m3 .(x3 − l3 ) + m0 x3 ] .ẋ1 .ẋ3 + fv1 .ẋ1


τ2 = [m0 + m2 + m3 ] .ẍ2 + [m0 + m2 + m3 ] .g + fv2 .ẋ2





τ3 = [m0 + m3 ] .ẍ3 + [m0 + m3 ] ẋ21 + fv3 .ẋ3
(79)
which is equivalent to dynamic plant (7) where the joint
position vector x and vector X denote, respectively, x =
h
iT
h
iT
and it appears
x1 x2 x3 , X = x1 ẋ1 x2 ẋ2 x3 ẋ3
that the function F(X) is diagonal matrix.
It easier to search the control signals when the system
(79) is viewed as three subsystems, one for each link.
Therefore, the dynamic plant can be rewritten:

This is equivalent to:
V̇2 6 −kd S T S + 21 S T F̃0 kXk S −
− 1 ε̄˜ ε̄ˆ˙ + ε̄˜ kSk − 1 ε̄˜ ε̄ˆ˙

S T F (X)Sdτ

Consider the three-joint manipulator whose dynamics is
represented by:

V̇2 6 −kd S T S + 21 S T F0 kXk .S − 21 S T F̂0 kXk .S−
˙
˙
1
1 ˜ ˆ
ˆ
η1 F̃0 F̂0 + ε̄F kYref k . kSk − ε̄F kYref k . kSk − η2 ε̄F ε̄F
+ε̄ kSk − ε̄ˆ kSk − 1 ε̄˜ ε̄ˆ˙
G

Z∞

6.1 Design of Direct Adaptive Fuzzy Control System

(73)

G

1
V2 dτ −
2

In this section, the validity and effectiveness of the developed adaptive fuzzy control law are examined through
the simulation of tracking control for a three-link robot
manipulator. The control objective is to follow a given
trajectory and to produce a torque vector such that the
trajectory tracking error converges to zero. In the simulation, we examine the effects of parametric variation due to
some internal uncertainties on behaviour of the closed-loop
systems.

S T (εF Yref + εG ) − S T (ε̄ˆF kYref k + ε̄ˆG ).sign(S)
− 1 ε̄˜ ε̄ˆ˙ − 1 ε̄˜ ε̄ˆ˙
η2 F F

Z∞

(76)

Therefore, the function V2 given by (67) is the
Lyapunov function for the closed-loop system (38),
(62)–(66). So (S, θ̂F , θ̂G , F̂0 , ε̄ˆF , ε̄ˆG ) are bounded
and S→0 as t→0 [15].
As S→0 then from (23),
iT
h
(n−1)
→0 and as
Y = e1 ė1 ... e(n−1)
,
...,
e
ė
...
e
n
n n
1
xd and its derivatives are bounded, we have x, X∈ L∞ .

h
iT
u1 = F1 (X1 )ẍ1 + G1 (X1 )withX1 = ẋ1 x3 ẋ3

u2 = F2 (X2 )ẍ2 + G2 (X2 )withX2 = ẋ2
6

(80)

(81)

h
iT
u3 = F3 (X3 )ẍ3 + G3 (X3 )withX3 = ẋ1 x3 ẋ3

The functions F̂1 (X1 ), F̂2 (X2 ),F̂3 (X3 ), Ĝ1 (X1 ),
Ĝ2 (X2 ), and Ĝ3 (X3 )are modelled by zero-order TS fuzzy
system. Each input variable is described by three fuzzy
sets.
• calibration For function F1 and G1 , the rule base
incorporates 27 rules of the form:
RkF 1
=

: if ẋ1 is

Al1
1 andx3

is

A12
2 andẋ3

is

αk2 = µAl4
4 (ẋ2 )

(92)

2
2 F2 T
θ̂F 2 = [aF
aF
1
2 a3 ]

(93)

G2 G2 T
θ̂G2 = [aG2
1 a2 a3 ]

(94)

(82)

• calibration For functions F3 and G3 the rule base is
described by 27 rules of the form :

1
Al3
3 thenFk

1
aF
k

l2
l3
3
RkF 3 : if ẋ1 is Al1
1 andx3 is A2 andẋ3 is A3 thenFk

(83)

3
= aF
k

RkG1

: if ẋ1 is

A11
1 andx3

is

A12
2 andẋ3

is

1
A13
3 thenGk

(95)

= aG1
k

3
l3
l2
RkG3 : if ẋ1 is Al1
1 andx3 is A2 andẋ3 is A3 thenGk

(84)
for l1, l2, l3∈ {1, 2, 3} and k={1, ..., 27}. The overall
output is given by:
27
P

α1k .Fk1

k=1
27
P

F̂1 (x, θ̂F 1 ) =

k=1

=

27
P

α1k .G1k

k=1
27
P

k=1

α1k

α1k

= aG3
k
(96)
for l1, l2, l3∈ {1, 2, 3} and k = {1, ..., 27}.
Therefore, the overall output is given by:

= WFT1 .θ̂F 1 ; Ĝ1 (x, θ̂G1 )
(85)

F̂3 (x, θ̂F 3 ) =

= WFT1 .θ̂G1

α3k .G3k

k=1
27
P

k=1

l2
l3
αk1 = µAl1
1 (ẋ1 ).µA2 (x3 ).µA3 (ẋ3 )

θ̂F 1 =

1
[aF
1

1
aF
2

θ̂G1 =

[aG1
1

aG1
2

...

1 T
aF
27 ]

...

G1 T
a27
]

(88)

(89)

2
G2
RkG2 : if ẋ2 is Al4
4 thenGk = ak

(90)

F̂2 (x, θ̂F 2 ) =

α2k .Fk2

k=1

α2k .G2k

k=1

α2k

α2k

= WFT3 .θ̂G3

l2
l3
αk1 = µAl1
1 (ẋ1 ).µA2 (x3 ).µA3 (ẋ3 )

(98)

3 F3
F3 T
θ̂F 3 = [aF
1 a2 ... a27 ]

(99)

G3
G3 T
θ̂G3 = [aG3
1 a2 ... a27 ]

(100)

Consequently, the control inputs uj (for j=1,. . . ,3) are
determined by:
uj (t) = kdj Sj + 12 F̂0j kXj .k .Sj + WFTj θ̂F j Yjref
T
+WGj
θ̂Gj + usj

for l4 ∈ {1, 2, 3} and k = {1, ..., 3}. The overall output
is given by:

k=1
3
P

= WFT3 .θ̂F 3 ; Ĝ3 (x, θ̂G3 ) =

with:

(87)

2
F2
RkF 2 : if ẋ2 is Al4
4 thenFk = ak

3
P

α3k

α3k

(97)
(86)

• calibration For functions F2 and G2 the rule base is of
the form:

k=1
3
P

α3k .Fk3

k=1

27
P

with:

3
P

27
P

k=1
27
P

(101)
with:

= WFT2 .θ̂F 2 ; Ĝ2 (x, θ̂G2 ) =

= WFT2 .θ̂G2

Sj = (ẋjref − ẋj ) + λj (xjref − xj )

(102)

Yjref = ẍjref + λj (ẋjref − ẋj )

(103)

(91)
with:
7


usj = ε̄ˆF j |Yjref | + ε̄ˆGj sign(Sj )

(104)

values. Moreover, the inputs remain continuous (see Fig.
1). However, the control inputs increase somewhat relative
to test1 and present an acceptable discontinuity at time t =
1s when the 10kg mass is slipping and when the parametric
variations are applied.

where the parameters are updated by the following
adaptive law:
˙
θ̂F j = γj WF j .Sj .(Yjref )T

(105)

˙
θ̂Gj = γj WGj .Sj

(106)

Figure 1. The robot responses to test1.

and the unknown bounds are corrected by :
˙
F̂0j = ηj |Xj | |Sj |

Figure 2. The robot responses to test2.
(107)
Figure 3. The robot response to test3.

ε̄ˆ˙F j = ηj |Yjref | |Sj |

(108)

ε̄ˆ˙Gj = ηj |Sj |

Table 2 shows the maximum control inputs in the
three regimes. It appears that for the first joint maximal
input (u1 )max remains practically constant and (u2 )max
increases by 31.5% in test2 to 41% in test3. For the third
joint, (u3 )max increases by 29.5% in test 2 to 40.7% in
test3. The absolute maximal tracking errors concerning
the first and the second joint remain practically unchanged
for these three tests. Meanwhile, the third joint maximum
tracking error increases by 10% in test2 to 20% in test3
(see Table 2). The adaptive sliding terms (us1 , us2 ) keep
sensitively the same form and the same absolute maximum
value; meanwhile, us3 shows more shattering in test3.
Theses results reveals that the direct adaptive fuzzy
control law is highly robust in the face of internal uncertainties and external disturbances. Moreover, because the
sliding terms evolve in practically the same interval in the
three cases, consequently the adaptive fuzzy model term
remains the preponderant term in the control law.

(109)

6.2 Simulation Results
The control law is constituted by an adaptive fuzzy
T
model term (WFTj θ̂F j Yjref + WGj
θ̂Gj ), the metric term
1
(kdj Sj + 2 F̂0j kXj k Sj ), and the sliding compensatory term
(usj ). It is imperative to look for the control coefficients
such that the adaptive fuzzy model term is preponderant.
Satisfactory results are obtained for the control coefficients
and bounds initial value (F̂0j , ε̄ˆF j , ε̄ˆGj ), which are set up
as indicated in Table 1.
Table 1
Control Coefficients and Initial Bounds
Joint
n˚1

kd

λ

η

F̂0 ε̄ˆF ε̄ˆG

Table 3
The Maximal Absolute Value of Sliding Terms

1500 100 100 1.2 1 0.2 0.2

n˚2 25000 100
n˚3

γ

750

1

1.2 1

75 2000 10

1

|us1 |max

|us2 |max

|us3 |max

Test1

2.08

12.90

6.63

Test2

2.09

12.91

7.84

Test3

2.08

12.92

7.35

1

1 0.5 0.5

The simulation is conducted when the desired trajectory for each joint is a cycloid given by:


(qf j − q0j ) 2πt
2πt
qref j = q0j +
− sin(
) f orj = (1, 2, 3)
2π
tf
tf
(110)
where q0j , qf j , and tf are, respectively, initial position
joint value, final position joint value, and final time.
The simulations are conducted, first, where the robot
works in empty regime (test1: see Fig. 1); second, where
the robot is initially loaded with a 10kg mass that is let go
at time t = 1s (test2: see Fig. 2); and third, where the
robot starts in empty regime after which all parameters are
increased with 50% around nominal values at the time t =
1s (test3: see Fig. 3). The obtained results show that the
tracking regime is effectively established with acceptable
tracking errors (less than 2×10−3 ) and the control inputs
(u1 , u2 , u3 ) appear feasible. When the robot is in test1
the tracking errors and control inputs take their smallest

7. Application to Induction Motor
7.1 Control Law
In (d,q) reference frame fixed to rotor field, the dynamic
of the flux φr and the rotating speed pulsation (ωr ) of the
three-phase induction motor are reduced to the following
equations [16], where (Id Iq ) are the components of the
stator current:

1

r
Id = TMr dφ
dt + M φr
(111)
 I = JLr dωr + Lr kf ω + Lr p Γ
q

p2 M φr dt

p2 M φ r

r

p2 M φ r

where the motor parameters represent:
. Tr : rotor electric constant
8

r

Table 2
Maximal Absolute Tracking Errors and Maximal Inputs
(|er1 |)max (|er2 |)max (|er3 |)max (u1 )max (u2 )max (u3 )max
Test1 1.5×10−3 0.9×10−3

10−3

18.35

358.76

36.97

−3

20.17

472

47.88

Test3 1.6×10−3 0.9×10−3 1.2×10−3

18.35

505.29

52.01

Test2 1.5×10

−3

−3

0.9×10

1.1×10

. Ls , Lr : stator cyclic inductance, rotor cyclic inductance
. M: mutual inductance cyclic between stator and rotor
. kf : viscous coefficient
. J: inertia
. Γr : load torque
. p : pair of poles
In the field rotating reference frame, it is well known
that the dynamic of flux depends only on the control input
Id and the flux φr . Moreover, the dynamic of the speed
depends mainly on the control input Iq and the speed ωr .
The influence of the flux on the dynamic of the speed is
not taken into account. Therefore, the investigation of the
control inputs is based on the following simple system:

 I = F (φ )φ̇ + G (φ )
d
1 r
r
1 r
(112)
 I = F (ω )ω̇ + G (ω )
q

2

r

r

2

˙
F̂ 01 = η1 |φr | |S1 | ;

ε̄ˆ˙F 1 = η1 kYref 1 k . |S1 | ;

(113)

(114)

Yref 1 = φ̇ref +λ1 (φref −φr );

Yref 2 = ω̇ref +λ2 (ωref −ωr )
(115)
The parameters are updated by the laws:

˙
θ̂F 1 = γ21 WF 1 S1 Yref 1

˙
θ̂G2 = γ12 WG2 S2

˙
θ̂F 2 = γ22 WF 2 S2 Yref 2

(120)

and the adaptive terms F̂2 , Ĝ2 ,F̂ 02 , ε̄ˆF2 , and ε̄ˆG2 . In order
to maintain the stator current in acceptable range, the
control inputs (Id , Iq ) are transformed into limited inputs
(I∗d , I∗q ). The three-phase reference current (i•a , i•b , i•c ) is
obtained from the (d, q) stator reference current (I∗d , I∗q )
by using the inverse Park transformation (Tp−1 ). The
actual stator current (ia , ib , ic ) is restricted in hysteresis
bandwidth ∆i around the three-phase references currents
by using an appropriate switching of the inverter legs. The
induction motor is modelled by its five nonlinear differential equations in stator reference frame (α, β), including
the stator current components (iα , iβ ), the rotor field components (φα , φβ ), and the speed rotor ωr [16]. The rotor
field position (Θ), which is used in the Park transformation
(Tp) and its inverse (Tp−1 ), is assumed available from
measurement (or observation).

where:

˙
θ̂G1 = γ11 WG1 S1

ε̄ˆ˙G2 = η2 |S2 |

φ̇ref φref φr and the
adaptive terms F̂1 , Ĝ1 ,F̂ 01 , ε̄ˆF 1 and ε̄ˆG1 . With the same
procedure, the adaptive fuzzy controllerfor speed com
putes the control signal Iq from variables ω̇ref ωref ωr

(WG2 )T θ̂G2 + ε̄ˆF 2 |Yref 2 | sign(S2 ) + ε̄ˆG2 sign(S2 )

S2 = ωref − ωr

(119)

the control law Id from variables

Id = kd1 S1 + 0.5.F 01 |φr | S1 + (WF 1 )T θ̂F 1 Yref 1 +

S1 = φref − φr ;

ε̄ˆ˙F 2 = η2 kYref 2 k . |S2 |

The controls u(t) = (Id , Iq ) are the (d,q) components of
the stator current. Because the three-phase induction motor is voltage fed, it is necessary to determine the required
stator voltage components (uα , uβ ) that effectively impose
this stator current. This is achieved by feeding the motor
with three-phase current controlled inverter. The structure
of this control scheme is shown in Fig. 4. In this figure,
the adaptive fuzzy controller (AFC)
for flux elaborates



For the first system, the estimation of the functions F1
and G1 is carried out with only three rules, so the flux is
described by three fuzzy sets. By contrast, for the second
system, the reconstruction of the functions F2 and G2 is
obtained with five rules, and hence the speed is described
by five fuzzy sets.
Using the latter procedure, we compute the control
input as follows:

Iq = kd2 S2 + 0.5.F 02 |ωr | S2 + (WF 2 )T θ̂F 2 Yref 2 +

(118)

ε̄ˆ˙G1 = η1 |S1 | ;

r

(WG1 )T θ̂G1 + ε̄ˆF 1 |Yref 1 | sign(S1 ) + ε̄ˆG1 sign(S1 )

˙
F̂ 02 = η2 |ωr | |S2 |

Figure 4. Direct adaptive fuzzy control scheme of induction
motor.
7.2 7.2 Simulation Results

(116)
The motor under tests is characterized by:
P = 3.7Kw, 220/380V, 8.54/14.8A
M = 0.048H, Ls = 0.17H, Lr = 0.015H, σ = 0.0964
Ts = 0.151s, Tr = 0.136s, J = 0.135mN/rds−2 , Kf =
0.0018mN/rdS−1

(117)

whereas the upper bounds are estimated by the laws:
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8. Conclusion

The current-controlled inverter is fed by 600V continue
voltage assumed constant, and the hysteresis bandwidth
of stator current controller is fixed to 1A. The reference
signals of flux and speed vary in physical size in the range [0,
φn ] and [-1.33ωn ,1.33ωn ],respectively, where φn is nominal
flux and ωn the nominal speed. In order to have some
admissible errors, these intervals should be extended, such
as [-0.1φn , 1.1φn ] for flux and [-1.5ωn ,1.5ωn ] for speed. It is
obvious that these intervals become, in relative value, [-0.1,
1.1] for flux and [-1.5,1.5] for speed. Therefore, the fuzzy
sets of flux and of speed are regularly distributed on the
universe of discourse [–0.1, 1.1] and [–1.5, 1.5], respectively.
The desired flux and speed tracking are involved with the
regulator coefficients tuned to values given in Table 4:

In this article we have designed a direct adaptive fuzzy
control law for a class of nonlinear system encountered
in robotics. This control law ensures the convergence of
tracking errors and boundedness of the fuzzy logic system
parameters and all signal plants. This law incorporates
an adaptive sliding term to compensate the unknown minimum approximation error between the fuzzy logic model
and the controlled plant. This compensation is performed
independently of internal or external disturbances. The
application of the developed method is carried out for a
cylindrical joint robot and induction motor. The obtained
simulation results shows that this direct adaptive fuzzy
control law maintains the tracking errors in an acceptable
interval with feasible control inputs in the presence of hard
parameter variations or external disturbances.

Table 3
Control Coefficients and Initial Bounds
kd λ γ

η
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