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Mapping Dynamic Bayesian Networks to
α-Shapes: Application to Human Faces
Identification Across Ages
Djamel Bouchaffra, Senior Member, IEEE

Abstract— We propose to map a dynamic Bayesian network
(DBN) to an ordered family of α-shapes to improve DBNs
classification power. This mission is achieved by: 1) embedding
a DBN into a topological manifold and 2) applying the α-shape
geometric constructor to build hierarchical structures assigned
to the DBN. This continuous representation of traditional DBNs
as α-shapes allows more information to be obtained about the
objects to be classified. These latter are viewed as hierarchies
of geometrical objects with different levels of detail. Topological
signatures are therefore unraveled and classification accuracy is
enhanced. We have applied the proposed formalism to the task of
facial identification across ages. Preliminary results demonstrate
that the proposed formalism is a powerful tool since it has
outperformed some DBN models, the k-NN classifier, and some
recent approaches.
Index Terms— α-shapes constructor, computational topology,
dynamic Bayesian networks (DBNs), face image identification,
maximum weighted cut problem, sorting, wavelet transform.

I. I NTRODUCTION

O

NE OF the most compelling challenges in statistical
pattern recognition and machine learning today consists of bridging the gap between discrete structures (such
as graphs or diagrams) and continuous structures (such as
n-polytopes). Mathematical principles that map graphs to
geometrical objects defined in a Euclidean space (or manifold:
subspace locally homeomorphic to k ) represent invaluable
pieces of information. Euclidean vector spaces are enabled
with inner product operations and therefore define metric
distances that are vital in data analysis. Topological properties
such as homeomorphism, invariance [1] and topological features such as number of tunnels, number of voids are difficult
to disclose from a graphical representation (or diagram). This
topological information extracted from a geometrical object
defined in a Euclidean space can efficiently be exploited to
improve dynamic Bayesian networks (DBNs) [2] classification
accuracy. There has been a great effort to capture structural
information by the pattern recognition and machine learning
community. However, the objective of these models is rarely
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to provide a Euclidean space embedding that examines topological features.
DBNs possess the power to: 1) represent many different
kinds of statistical models; 2) perform exact and approximate inference; and 3) learn parameters from sequential data.
However, there are still many other applications in which
prediction and identification success is subject to a “correct”
DBN modeling. In other words, probabilistic graphical models
require the number of nodes (random variables) to be known
a priori. However, this information is not always available.
Furthermore, capturing instantaneous and incremental changes
of the data poses another great challenge to a graphical representation such as a DBN. This capability, which is difficult to
express in a graphical representation, can be better exploited
within a Euclidean space in which continuity, derivability, and
other mathematical properties abound.
1) A DBN [such as an autoregressive hidden Markov model
(AR-HMM) [3]] has difficulty grasping facial features
that span all age intervals in an individual’s lifetime.
Indeed, it is a very complicated enterprise for a DBN
to acquire all possible facial changes (microstructure
deformations) caused by aging during a training phase
in order to be able to predict accurately. It has been
established that facial aging is due to a combination
of changes to the skin and changes to the facial bones
supporting the skin. These changes, which are incremental (or slight, often barely perceptible augmentations)
and continuous over time rather than drastic, represent
a formidable endeavor for a DBN.
2) Likewise, a DBN is not bestowed with metrics which
allow comparing facial images with the same level of
resolution. This potentiality produces a precious piece
of information for tracking morphological deformations
and thereby allows getting an insight into facial aging.
For example, one would be able to investigate several
intriguing issues. How does facial aging develop? And
what are the essential facial regions that age faster than
others?
3) A DBN requires the number of nodes (latent variables
and observables) to be known a priori. There is no
intrinsic mechanism in the DBN formalism that can
perform object reconstruction from an incomplete DBN.
A large amount of mathematical approaches have been
investigated in the computer vision and machine learning
community to address face identification [4]–[10]. However,
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there are still only a few attempts among these approaches
that are devoted exclusively to facial aging modeling. In
[11], Ramanathan and Chellappa proposed a technique that
estimates the age separation between a pair of face images of
an individual. In [12], Ramanathan et al. provided a thorough
analysis on the problem of facial aging. Several approaches to
this problem have been described in this survey. Geng et al.
[13] modeled the aging pattern, defined as the sequence of
individual’s face images at different ages, by constructing
a representative subspace of these images. The unseen face
image age is predicted via the projection in this subspace
that can reconstruct the face image optimally. The position
of the face image in that aging pattern will then reveal its
age. Fu and Huang [14] built locality preserving projections
and computed linear and quadratic functions in estimating
the age of a face. Yang and Ai [15] proposed a learning
scheme that allows classifying face images based on their
age group. Their approach utilizes a local binary pattern
(LBP) as an image operator and extracts the LBP histogram
that was used for texture characterization. They subsequently
selected a sequence of local features and performed age
classification. Lanitiset et al. [16], [17] developed a combined
shape and intensity model to represent face images. They used
principal component analysis to extract face image parameters.
They finally conducted regression analysis to estimate the
age of an unknown face from these parameters. Finally,
Park et al. [18] proposed a 3-D modeling technique and a
simulated method for age-invariant face recognition. They
have extended shape modeling from 2-D to 3-D domain in
order to add capability for compensating for pose and lighting
variations. Our approach is different from these state-of-the-art
solutions since it acts on a probabilistic graphical modeling
of the data and therefore can be applied to many different
applications.
We propose to build a geometrical object called n-polytope
(polyhedron in 3-D) from a discrete set of nodes depicting a
probabilistic graphical model (DBN). This mission is achieved
by: 1) embedding the vertices of DBNs into a manifold of a
Euclidean vector space; 2) applying shapes constructor to the
embedded discrete set to produce a hierarchy of continuous
sets (α-shapes); and 3) extracting topological features for a
classification purpose.
The organization of this paper is described as follows.
Section II addresses the embedding of a weighted directed
acyclic graph (WDAG) in a Euclidean space. The notion of
topological embedded DBN (EDBN) is also introduced in
Section II. The problems assigned to a topological DBN are
covered in Section III. The application in face identification
across ages is the object of Section IV. Finally, the conclusion
and directions for future work are presented in Section V.
II. E MBEDDING A WDAG IN A E UCLIDEAN S PACE
A. Background
The goal in this section is to embed data represented by
a weighted directed graph (WDG) into a low-dimensional
Euclidean space. But first, we need to define the word “embedding.”
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Definition 1: If N = (V, E, d) is a WDG, where V
is a set of vertices, E a set of edges, and d a distance
measure expressing weights between two vertices, therefore
an embedding of N on a Euclidean space  (or a surface:
compact, connected 2-manifold) is a representation of N on 
in which vertices of V are mapped to points of  and directed
edges of E are mapped to simple arcs such that:
1) the endpoints of the arc mapped to a directed edge e are
the points of  associated with the endpoint vertices of e;
2) no arcs contain points associated with other vertices;
3) two arcs never cross each other at a point which is
interior to either of the arcs.
The purpose of a general graph embedding is to represent
each vertex of the graph as a low-dimensional vector that
preserves similarities between the vertex pairs. In the case
of undirected graphs, two popular straight-edge embedding
algorithms are predominant: the spring embedding and the
spring-electrical embedding. These two methods operate by
minimizing the energy of physical models of the graph
[19]–[21]. Harel et al. [22] propose a nondirected force
approach: the high-dimensional embedding method draws a
graph in a high-dimensional space and then projects it back to
2-D space or 3-D space. However, in the case of directed graph
embedding, the number of contributions remains limited [23].
Chen et al. [24] have proposed an embedding methodology
that considers a WDG in which the locality property of vertices
is preserved using a transition probability and a stationary
distribution of Markov random walks. They finally used an
optimization function based on this distribution to embed
vertices into a vector space preserving the local property
between vertices and their neighbors. One of the missions
in this paper is to extend the graph embedding procedure to
WDAGs embedding. We use the acronym WDAG to denote a
WDAG whose weights belong to the closed interval [0, …, 1].
B. WDAG Embedding on a Euclidean Vector Space
We introduce in the sequel a methodology that allows
embedding of a WDAG on a Euclidean vector space. We now
consider N to be such a WDAG.
1) Determining the Pivot Vertices of a WDAG: Because
a WDAG is an abstract purely graphical representation,
without shape, therefore, our goal is to build a representation of the WDAG in a Euclidean space. This representation is formed by the set of points created by embedding
the vertices of the WDAG in an m-dimensional Euclidean
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space. Our approach to WDAG embedding consists of
selecting a set P of m “pivot” vertices (P = {v 1 , v 2 , . . ., v m })
(where m  |V |) that maximize their short distance to the
remaining nodes. The idea behind this selection is explained
by the need of maximizing the contribution of each vertex in
the embedded set. Since the proposed embedding technique
requires shortest distance computation in a WDAG, a topological sorting procedure is first required.
a) Topological sorting: It consists of conducting a topological sort (TS) on the vertices of the WDAG by an
edge. The TS procedure orders the vertices such that no
incoming edges are first and vertices with only incoming
edges are last. In other words, TS is an ordering of the
vertices such that the starting endpoint of every edge
occurs earlier in the ordering than the ending endpoint
of the edge. Every WDAG has a nonunique topological
ordering. Traditional algorithms for conducting topological sorting have an execution time linear in the
number of nodes plus the number of edges (O(|V | +
|E|)) [25]. Moreover, topological sorting allows computing shortest paths (as well as longest paths) from a given
starting vertex in DAGs in linear time by processing
the vertices in a topological order, and calculating the
path length for each vertex to be the minimum (or
maximum length) obtained via any of its incoming
edges.
b) Distances computation: In this phase, shortest distances
(sd) between all pairs of vertices of the WDAG are
computed using TS. However, as outlined above, the
pivots sought are chosen to form a subset that is farther
from the remaining vertices subset, which invokes the
notion of maximum weighted cut (MWC).
c) MWC computation: Partition the set of vertices into
two disjoint subsets A and B (|A| = m and |B| =
|V | − m) such that the weighted cut-set between
A and B is maximum. The weighted cut-set of the cut
is the set of edges whose endpoints are in different
subsets of the partition, with a maximum weight sum.
In order to avoid impossible paths in a WDAG, the
vertices in set A should be first in the TS sequence. In
other words, the vertices in set A should occur before
the vertices of set B in the TS sequence. However, a
MWC contributes in building an optimal embedding by
allowing the following condition to hold:
(sd pi , u) ≥ sd(u, v), ∀(u, v) ∈ B 2 , ∀ pi ∈ A.

(1)

The traditional unconstrained MWC problem is known
to be NP-hard; no polynomial-time algorithms for MWC
in WDAG have been developed. Therefore, to find
an approximate solution to the MWC problem, one
usually relies on the approximation algorithm developed
by Goemans and Williamson that applies semidefinite
programming and randomized rounding [26]. It has been
shown by Khot et al. that this is the best possible
approximation ratio for MWC assuming the unique
games conjecture [27]. A polynomial-time algorithm
that solves the maximum cuts in planar graphs already

3

Algorithm 1 Algorithm embedding WDAG

exists [28].1 However, the problem we face is different
from the general unconstrained MWC problem in the
sense that set A grows by receiving vertices that follow
the TS order.
d) Embedding optimization and pivot set extraction: We
denote by sd( pi ,u) the shortest distance to any vertex u
of the WDAG from a source pivot vertex pi . The embedding optimization problem consists of determining a set
∗ } such that
A = { p1∗ , p2∗ , . . ., pm
∗
p∗1 p2∗ . . . pm
= arg max

|−m
i=m
 |V
i=1

sd( pi, u j ).

(2)

j =1

i) We compute the weighted cut of order m (|A| = m)
for each TS sequence. Some TS sequences have the
same m vertices and therefore are considered only
once.
1 There are several DBNs (such as HMMs, Kalman filters) whose graphs
are planar thereby polynomial-time algorithms that solve MWC exist.
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Sample of possible 3-D cuts from the WDAG of Fig. 3.

ii) We then select the TS sequence that provides the
MWC of order m. The first m consecutive vertices
of this optimal TS sequence are selected to be the
set of pivots p1 ∗, p2 ∗, . . ., pm *. Each vertex u is
mapped to an m-dimensional vector X u = [x 1 (u),
x 2 (u), . . ., x m (u)]T , where the letter T is the transpose vector form and x i (u) = sd( pi , u) with
(i = 1, . . ., m). Finally, the WDAG embedding
process is described via the algorithm depicted
by Algorithm 1. It is imperative that this drawing
should exhibit the distance preserving embedding
property: 1) two vertices u and v that are closely
related in the WDAG should be mapped to two
vectors X u and X v whose Euclidean distance
d(X u , X v ) is less than or equal to sd(u, v) in 
and 2) Conversely, two vertices that are far apart
in the WDAG should be mapped to two vectors
that are distant in .
2) Illustrative Example: Some TSs on the vertices by an
edge in the WDAG of Fig. 1 correspond to the following
sequences:
7, 5, 3, 11, 10, 8, 9, 2 = S1
7, 5, 3, 11, 8, 2, 9, 10 = S2
3, 5, 7, 8, 11, 2, 9, 10 = S3
3, 7, 8, 5, 11, 10, 2, 9 = S4
7, 5, 11, 3, 10, 8, 9, 2 = S5 .
Fig. 2 depicts a sample of cuts that involves consecutive
vertices that obey the order in the TS sequence S1 . If one is
interested in constructing a 3-D embedding, then one would
have then selected the value of m equal to 3. If we assume
that the MWC is achieved via S1 whose pivot set is S = {7, 5,
3}, then each vertex u of the WDAG is converted into a 3-D
point: X u = [sd(7, u), sd(5, u), sd(3, u)]T . This computation
provides the following 3-D points: vertex 2: [0.6, 0.4, 0]T ;
vertex 3: [0, 0, 0]T ; vertex 5: [0, 0, 0]T ; vertex 7: [0, 0, 0]T ;
vertex 8: [0.3, 0, 0.4]T ; vertex 9: [1.1, 0.9, 1.2]T ; vertex 10:
[0.9, 0.7, 0.6]T ; vertex 11: [0.4, 0.2, 0]T . Vertices that are not
reachable from any source pivot are assigned a zero shortest
distance from that source. The interpretation behind the zero
value shortest distance is that a vertex cannot be represented
in that particular dimension axis. Fig. 3 sketches the points
assigned to all these vertices in a 3-D vector space.
3) Accuracy of the Embedding Layout: The goal in this
section is to study the accuracy of the embedding layout.

Fig. 3. Embedded space M assigned to the WDAG of Fig. 2. Vertices are
embedded in a 3-D vector space as points.

In other words, one needs to investigate whether vertices that
are nearly related in the WDAG correspond to m-dimensional
points sketched “near together” in the embedded set M and
conversely. For every two nonpivot vertices u and v (with
u < v in the topologically sorted sequence) and every axis
pi such that 1 ≤ i ≤ m, the triangle inequality holds:
sd( pi , v) ≤sd( pi ,u)+sd(u, v), since it is either the case where
v is not reachable from u, which means sd(u, v) = +∞
(u and v nonpivot), or v is reachable from u (and not the
opposite, since u < v). In this latter case, sd( pi ,v) cannot
be greater than sd( pi , u) + sd(u, v); otherwise, there would
be a path from pi to v that is shorter than sd( pi , v) which
would contradict the fact that sd( pi , v) is the shortest distance
between vertex pi and vertex v. Similarly, replacing v by u in
the preceding triangle inequality, one can write: sd( pi , u) ≤
sd( pi , v) + sd(u, v). Finally, one obtains
x i (u) − x i (v)|
= |sd( pi, u) − sd( pi , v)| = |sd( pi , v) − sd( pi , u)|
≤ |(sd( pi, u) + sd(u, v)) − sd( pi , u)| = sd(u, v).
Since this in equation applies for all axis of the m-dimensional
Euclidean vector space, therefore

i=m

|x i (u) − x i (v)|2
X u − X v 2 = d (X u , X v ) = 


i=1

√
m.sd 2 (u, v) = m .sd (u, v)
√
≤ m .ε if sd (u, v) ≤ ε

≤

(3)

where ε is a small positive real number. This inequation expresses the fact that the embedding transformation is
k-Lispschitzian;
it is an expansion since when m = 3, k =
√
3 ∼
= 1.7321. Therefore,
√ we have proven that: If sd(u, v)
<ε
then
X
−X
≤
m.ε. If ε tends to 0 then the quantity
u
v 2
√
m .εtendsto0 since m is a small value equal to the dimension
of the Euclidean vector space that hosts the embedded set. To
express that u is close to v(u <v), we write sd(u, v) <ε and
choose: ε = mini sd( pi , v).
In conclusion, vertices that are close in the WDAG correspond to m-dimensional points sketched “near together” in the
embedded set. Inequation (2) shows that there is an expansion
between points
√ in the embedded set due to the presence of
the factor m. However, this expansion (or stretching) is

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
BOUCHAFFRA: MAPPING DBNs TO α -SHAPES: APPLICATION TO HUMAN FACES IDENTIFICATION ACROSS AGES

proportional to the dimension m of the Euclidean vector space.
In practice, m is often selected small for visualization and
curse of dimensionality purposes. In order to build a nice
layout of the embedded set, one should guarantee that the
converse is also true. In other words, m-dimensional points
whose vertices are far apart in the WDAG remain distant in
the embedded set M. As outlined in Section II-B1, ∀ pi , ∀u,
∀v = pi , sd( pi, u) ≥sd(u, v) ⇒
|sd( pi , u) − sd( pi , v)| ≥ |sd(u, v) − sd( pi , v)|, which is
equivalent to
|x i (u) − x i (v)| ≥ |sd(u, v) − sd( pi , v)|.

(4)

Finally, ∃ axis pi∗ such that: pi∗ = sd( p j, v).
∗ then
Therefore, if this minimum is equal to  pi,v
∗ .
|x i (u) − x i (v)| ≥ sd(u, v) −  pi,v

(5)

∗ is a small positive real value and sd(u, v) is supposed
If  pi,v
∗ , it ensures: |xi (u) −x i (v)|≥sd(u,
to be large compared to  pi,v
v), i.e., |xi (u) −x i (v)| remains large. It is noteworthy that the
quality of the embedding depends on the difference between
 p∗i,v and sd(u, v): the larger this difference, the better the
embedding. Using the Euclidean distance, one finally obtains
√
(6)
X u − X v 2 = d (X u , X v ) ≥ m · sd (u, v).

In conclusion, if sd(u, v) is large then one would expect
to obtain a large distance between the corresponding points
assigned to vertices u and v in the Euclidean vector space.
C. DBN Embedding
Our goal in this section is to extend the WDAG embedding
to the case of DBNs. To put it into context, we first need to
introduce sequences of data.
1) Visible Observation (VO) Sequence: We define a VO
sequence as a flow of symbols which represents either: 1) temporal data (times series), generated by some causal process or
2) sequential data (such as biosequences), where the generating
mechanism of this sequence is unknown. Furthermore, it is
often the case that the generating mechanism of the symbols
forming a VO sequence is explained by different DBNs (made
of the vertices of the entire VO sequence and some latent
variables that produce the VO sequence). For example, the
same VO sequence O = O1 , O2 , . . ., OT can be represented
by an autoregressive HMM or a semifactorial HMM or a semiHMM with mixtures or simply a standard HMM. The model
selection phase for a “VO sequence” is often executed by
the model designer with the help of the expert in the area
of application.
2) Topological DBN: Before addressing the notion of “topological DBN,” we first provide a definition of a standard
traditional DBN. A DBN represents a formalism that extends
Bayesian networks to model probability distribution on collections of random variables Z 1 , Z 2 , Z 3 , . . .. For the sake
of generality, we often denote Z t as a triplet Z t = (It , X t ,
Yt ) composed of input variables It , hidden variables X t , and
output variables Yt .
Definition 2: A DBN is defined as a pair (B1 ,B♦ ), in which
B1 is a Bayesian network that defines the prior P(Z 1 ), and B♦

5

denotes a two-slice temporal Bayesian network (TSTBN) that
defines the first-order transition P(Z t |Z t −1 ) through a directed
acyclic graph as
P (Z t |Z t −1 ) =

i=k



P Z ti |Pa(Z ti )

i=1

where z ti is the i th node at time t. This node is associated to
It , X t , and Yt . However, Pa(Z ti ) represents the parent nodes
of the node in the graph. These parents can be located at the
same time slice or at the previous time slice (in the case of
a first-order model). The nodes in the first slice of a TSTBN
are parameter free; however, each node in the second slice
of a TSTBN is assigned a conditional probability distribution
that expresses P[Z ti |Pa(Z ti )] for all t >1. In the case of a
trajectory of T time slices, the joint distribution can be written
as
i=k
t
=T 

P Z ti |Pa(Z ti ) .
P (Z 1:T ) =
t =1 i=1

A standard HMM involves only the random variables X t and
Yt ; therefore, it represents a particular DBN. In the case where
the standard HMMs assumption that Yt and Yt (are conditionally independent given X t is relaxed, an autoregressive HMM
is obtained. It allows Yt −1 to help predict Yt as well so that a
higher likelihood value could be derived [2].
Since a DBN represents a particular WDAG, our global
objective is twofold: 1) introduce through the WDAG embedding, the concept of “DBN embedding” that produces a
topological DBN (TDBN) and 2) explore its benefits through
a selected application. In the situation where the graph is a
DBN which displays levels of dependence between variables,
the notion of “shortest distance” (sd) used in a WDAG corresponds to the notion of “longest distance” (ld) (highest level of
dependence). The WDAG embedding approach is customized
adequately by transforming (sd) into (ld) in Algorithm 1.
The distances between points in the 3-D Euclidean space
are computed on the basis of: 1) the conditional probability
values between pairs of vertices of a DBN and 2) the notion
of “longest-distance path” from a source vertex to any other
vertex of a DBN. An EDBN is the discrete set of points M
formed by the embedding of a DBN; the EDBN is defined in
a Euclidean space. In order to exploit inner product operations
and therefore define metric distances that are vital in data
analysis, a vector space is necessary. A vector space with
the additional inner product structure produces a pre-Hilbert
space (also known as inner product space or unitary space)
that generalizes the notion of Euclidean space. Furthermore,
in order to recognize and identify patterns revealed by data,
one needs to map the EDBN to a continuous set in a Euclidean
vector space. Once the continuous set assigned to an EDBN is
built, our objective is to extract a set of topological features.
This task is conducted as follows. We first map the VO
sequence to its appropriate DBN model: this mapping is called
“VO sequence model selection” (function f). We then embed
(or draw) the VO sequence model in a Euclidean vector
space to obtain an EDBN; this mapping is called a “VO
sequence model embedding” (function g). We map the EDBN
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Fig. 4. Alpha-shapes assigned to the example of Fig. 4. For α = 0.5 and
α = 2 values, more connected points are visible for α = 2.
Fig. 5. Value controls the desired level of detail of the shape depicting the
letter “a” from finer to cruder shapes.

set to its continuous set: “EDBN continuous representation”
(function h), and finally derive topological features from the
EDBN continuous set: “EDBN topological features” (function
i ). Since the EDBN continuous set (geometrical object) is
the one from which topological features are extracted, we
have named it a TDBN. The composition mapping discloses
topological features.
III. P ROBLEMS A DDRESSED BY TDBN S
The problems discussed in the context of a TDBN are:
1) determining an optimal EDBN M* from a given DBN;
2) assigning an optimal TDBN (shape of an EDBN);
and 3) extracting signatures from a TDBN shape.
A. Optimal EDBN
The goal in this section is to determine the correct positions
of the points of the set M (the optimal EDBN M∗) in
the Euclidean space. This phase derives directly from the
learning phase of a traditional DBN as well as from the TS
sequence choice and the optimality of the MWC problem of
the DBN discussed in Section II-B1. In other words, the level
of accuracy of the locations of the TDBN points depends
on: 1) the optimality of the DBN to model the data at hand
(including the local variable distributions given the data); 2)
the choice of the TS sequence; and 3) the quality of the MWC
solution for the pivot vertices constituting the dimension axes
of the Euclidean space. Therefore, the problem statement can
be formulated as follows: given a traditional DBN, determine
the optimal embedded set M∗ (among all possible embedded
sets) that provides the maximal preservation of the DBN in
the embedding layout.
B. Topological DBN and Features Extraction
Since an EDBN M represents a discrete set of points,
the concept of continuity which represents the foundation of
topology is difficult to apply. This is the reason why it is
necessary to map a discrete set to a continuous set. The most
natural way to achieve this objective is provided via the notion
of “shape.” An efficient means for creating shapes out of point
sets is provided by shape constructors such as the “α-shapes,”
the “union of balls,” or the “flow-shapes” formalisms [29],
[30].
Definition 3: Let E be a finite set of points in 3 ; the
Voronoi cell of u ∈ E (or Voronoi complex) is defined as
Vu = x ∈ 3 : ∀v ∈ E − {u}, ||x − u|| ≤ ||x − v|| .

The set of Vu represents convex polyhedral or an empty set
since the set of points that are equidistant from two points in
E forms a hyperplane.
Definition 4: Let E be a finite set of points in √
3 ; the union
of balls centered at the points in E with radius α for α ≥ 0
is denoted by B α (E)
B α (E) = {x ∈ 3 : ∃u ∈ E s.t. ||u − x||2 ≤ α}.
Definition 5: Let E be a finite set of points in 3 , and
α ≥ 0; the α-complex of E is the dual complex of the Voronoi
diagram of E restricted to the union of balls B α (E). The
restricted Voronoi cell of u ∈ E is: Vuα = Vu ∩ B α (E).
The α-shape is the underlying space corresponding to the
α-complex. The α-shape concept represents a formalization
of the intuitive notion of “shape” for spatial point set data.
An α-shape is a concrete geometric object that is uniquely
defined for a particular set of points. The parameter α controls
the desired level of details of the shape. There are several
algorithms that construct a family of shapes for a given set
of size n in a worst-case time complexity equal to O(n 2 )
[30]. The α-shapes define a hierarchy of shapes from a set
of points (EDBN) that allows features’ multiscale modeling
that are very useful in macromolecule structure exploration as
well as in facial aging (identifying changes of human facial
compartments: a human face is made of√compartments of fat).
The α-shapes insert a ball of radius α around each point
and build a simplicial complex that respects the intersections
among these balls. The simplicial space formed is defined as
the α-shapes. Fig. 4 depicts two α-shapes of the embedded
space M assigned to the WDAG of Fig. 1 for two different α
values. One can notice that more points are connected when
the value of α = 2 compared to when the value of α = 0.5.
α-shape construction: The construction of α-shapes is based
on the notion of “ball” known also as “generalized disk.”
Given a set of points and a specific α value, the α-shape is
constructed using the following scheme.
1) Each point X u in the embedded set is assigned a
vertex u.
2) An edge is created between two vertices u and√ v
whenever there exists a generalized disk of radius α
containing the entire set of points and which has the
property that X u and X v lie on its boundary.
However, the notion of a generalized disk is defined as
follows.
1) If α > 0 but very large, then the generalized disk is a
half-plane (very large radius).
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AS(α1)

A Face DBN
VO Sequence
Feature
Extraction
Age1

Age2

Age3

α-Shapes
Signature Vectors
for p different
α-values
Class ω

Fig. 6. Diagram showing an individual’s face (at different ages) as an AR-HMM that is embedded in an EDBN whose p α-shapes signature vectors assigned
to the individual’s DBN are extracted. These signature vectors form the equivalence class representing the individual’s face.

2) If α > 0 but not large,
√ then the generalized disk is a
closed ball of radius α.
3) If α < 0, the generalized
√ disk is the complement of a
closed ball of radius −α.
Another example that shows different levels of detail
(different α values) is shown in Fig. 5.
Fig. 6. depicts subimages of the letter “a” at different levels
of resolution. As α increases, more and more vertices are
connected in the graph of these subimages which results in
the obtention of finer shapes (at high resolution). This process
continues until the value of α becomes very large (very large
radius in which the generalized disk is a half-plane) and
cruder shapes start to appear (low resolution). Furthermore,
at this stage, one can extract “signatures” of α-shapes (or
any other shape constructors assigned to an EDBN) such as
metric properties (volume, area, and length), combinatorial
properties (number of tetrahedral, triangles, edges, vertices),
and topological properties (number of components, number of
independent tunnels, and number of voids). These signatures
are put into a vector form that characterizes an α-shape (or
any other shape constructor).
C. Contribution of Topological Traits
One of the main questions to address is related to the role
and contribution of topology within the realm of probabilistic
data depicted by DBN. The answer to this inquiry comes
from the means of extracting signature vectors revealed by
geometric constructors such as the α-shapes. In fact, these
signature vectors unfold valuable pieces of information of
different types. Associating a continuous structure to a discrete
structure discloses vital cues about the object of study. The
concept of α-shapes provides a geometrical tool that generates
a shape from any discrete set of points. A shape (geometric
object) discloses discriminative topological features compared
to a mere discrete structure such as an EDBN. Levels of
similarity between objects can be computed via topological or
metric properties such as number of components, or number
of tunnels and number of voids as well as volume and area in
the object. Topological invariance, which is a correspondence
between two types of mathematical objects, reveals that two
“similar” entities correspond to one and the same object. This
information is precious in several applications such as face
identification across ages, tumor evolution tracking, forensics
and paleontological investigations.

D. DBN Selection and Training
Given a VO sequence as input, the first phase consists of
selecting the VO sequence model which is a DBN that explains
the VO sequence. The second phase focuses on training the
DBN from the data to obtain an optimal DBN. The third
phase aims at assigning the optimal DBN to its corresponding
EDBN to obtain an optimal EDBN. The fourth phase consists
of constructing a set of α-shapes (AS) assigned to the EDBN
using any state-of-the-art α-shape constructor algorithm. A set
of shapes is generated for different values of α that depend on
the EDBN points’ density. Signatures vectors assigned to these
similar shapes are computed and grouped together to form an
equivalence class [ω]. The entire process (from VO sequence
of the autoregressive HMM to the equivalence class formation)
is undertaken for all VO observation sequences forming the
training set. When applied to model facial images, this process
is depicted by Fig. 6. In this application, one DBN is built for
the same individual and its training is conducted via all facial
images (at different ages) of an individual. Signature vectors of
the same equivalence class [ω] are related since they represent
“similar shapes” of the same object captured by the DBN. This
process of assigning equivalence classes [ωi ] (i = 1, . . ., c) is
conducted offline during training.
IV. C LASSIFICATION /T ESTING
Given a VO sequence O = O1 , O2 , . . ., OT , the classification problem is stated as follows: determine the class ω*
among c target classes assigned to this VO sequence such that
ω∗ = argmaxωi P ωi |O 1 , O2 , . . . , OT , (i = 1, . . . , c) .
This is equivalent to the determination of the class ω* such
that ω∗ = argmaxωi P[ωi |v 1 , v 2 , . . . , v n ] where the sequence
(v 1 , v 2 , . . . , v n ) = f (O1 , O2 , . . . , OT ) represents the DBN
assigned to the VO sequence . However, the idea is to utilize
the embedding process g in which x i = g(v i ); therefore, one
can write
P [ωi |v 1 , v 2 , . . . , v n ] ≡ P [ωi |(hog)(v 1 , v 2 , . . . , v n )] .
This latter expression can also be written as:
P[ωi |h(x 1 , x 2 , . . . , x n )], which consists of evaluating the
probability that the shape obtained by applying the geometric
constructor h to a TDBN belongs to the equivalence class ωi .
Since there are several different α values assigned to the same
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O1 O2

O3

O4……O 16…...O 20

H

HF

H…….EA…....E

HF

Face image being
segmented into strips

Face block

Face strip being
segmented into blocks
Fig. 7. Each Oi captures a facial region, such as hair (H), between hair and
forehead (HF), forehead (F), ears (EA), eyes (E), nose (N), mouth (M), and
chin (C).
Fig. 8.

Segmentation of a face image by creating blocks sequence.

Fig. 9.
“eye.”

Average image and a sequence of detail images of the facial block

object; a set of signature vectors is generated. This set of
vectors is represented by its mean vector S̄. The classification
problem is thus expressed as follows: determine the class ω*
among c target classes assigned to this VO sequence such
that
ω∗ = argmaxωi P[ωi |i (h(x 1 , x 2 , . . . , x n )) = S̄], (i = 1, . . . , c).
In other words, for a given TDBN, this classification problem
consists of assigning an equivalence class to an input set
of signature vectors characterized by its mean vector. The
classification problem is further subject to the computation
of




P S̄ | ωi .P(i )
P ωi | S̄ =
.
i=c

P( S̄|ωi ).P(ωi )
i=1

We assume that each class ωi is made of signature samples
(obtained by assigning many different values of α in the αshape geometric constructor) that come from a known number
of p mixtures ( pα-shapes) whose probability structure is
Gaussian
P( S̄i ) =

(k=
p)

cik N( S̄, μi k , Uik ), 1 ≤ i ≤ c

(k=1)

where cik is the mixture coefficient for the kth mixture in class
Without loss of generality, N( S̄, μi k , Uik ) is assumed to be a
Gaussian probability density function with mean vector and
covariance matrix Uik .
The cost incurred in the TDBN classifier once a DBN
isoptimally trained is the sum of: 1) the cost of the embedding
which calls for a) the TS whose worst case complexity is
O(|V | + |E|) and b) the shortest distances computation whose
worst case complexity is O(|V |. (|V | + |E|)); 2) the cost
of the α-shape construction whose worst case complexity is
O(|V |2 ); and 3) the cost of the topological feature extraction
whose complexity varies linearly with the number of features
selected.
V. A PPLICATION AND P RELIMINARY R ESULTS
A. Facial Identification Across Ages
We apply the proposed methodology to one of the most
challenging problems in robust biometrics known as “face
identification across ages.”

Fig. 10. Face image is mapped to a particular DBN (auto-regressive HMM).
The sequence Q 1 Q 2 , . . . , Q 5 represents the hidden state sequence assigned
to the emitted observation sequence O1 O2 , . . . , O5 .

1) Problem Statement and Background: Given a face sample of an individual at age a0 ; one determines if this input face
is associated with any of a large number of enrolled faces of
individuals. However, some face images of the same individual
at different ages are among the enrollees. In other words, given
two faces, can one infer that they represent the same individual
at different ages?
Human faces have been closely studied in computer vision
and psychophysics for many decades with the mission of
characterizing the many factors that generate variations in
appearance. This action allows uncovering clues pertaining to
an individual from his/her varying facial appearances. There
are several features that are responsible for a facial appearance;
such traits are for example: 1) the 3-D structure of human
faces; 2) the reflective peculiarity of facial skin; and 3) the
bilateral symmetry in the structure of facial features, in combination with scene-centric attributes such as view point and
illumination. One of the main challenges in face identification
stems for the fact that facial appearances of individuals are
often altered by the combination of several factors such as
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Fig. 11.

Sample of face images from the GeorgiaTech database.

FGNET-Database

MORPH-Database

Fig. 12. Face images from FGNET and MORPH databases. Each row depicts
face images from the same individual at different ages.

illumination, facial expression, occlusions, and age. The power
of face identification is also dependent on the age of the
enrollee since some singularities caused by wrinkles in the face
are difficult to model. The process of aging causes significant
deformation in the appearance (face texture) and anatomy of
human faces. Our approach to solve this temporal invariance
problem is a full extension of the small-scale research conducted using artificial data and published in [31] and [32].
It consists of: 1) extracting facial features using a discrete
wavelet transform (DWT) decomposition [33]; 2) building an
AR-HMM (DBN) that bears the observable features and some
hidden states; 3) deriving its corresponding EDBN via the
embedding process; and 4) computing face image α-shapes
for training and testing using two benchmarked databases.
2) Low-Level Feature Extraction: A human face is viewed
as an ordered VO sequence O = O1 , . . . , OT . Each Oi is a
block of pixels represented by a feature vector that captures
a facial region, such as hair, forehead, eyes, ears, nose, chin,
and between hair and forehead (refer to Fig. 7).
These feature vectors are obtained by scanning the image
from left to right and top to bottom using a 2-D window.
Each face image is divided into overlapping horizontal strips
of height j pixels where the strips overlap by p pixels.
Each horizontal strip is subsequently segmented vertically into
blocks of width k pixels, with overlap of p (refer to Fig. 8). For
an image of width w and height h, there will be approximately
T = ((h/ j − p)+1)×((w/k− p)+1) blocks.
Each block then undergoes a DWT decomposition, producing an average image and a sequence of detail images (refer
to Fig. 9).
This can be shown as [a j , {d 1j , d 2j , d 3j } j =1,..., j ], where a J
refers to the approximation image at the J th scale and d nj is
the detail image at scale j and orientation n. For the work
described, a wavelet decomposition with four levels (scale
j = 4) and three detail images (n = 3) for each level was
employed, producing a vector with one average image and
12 = 4 ∗ 3 detail images. The L 2 norms of the wavelet detail
images were subsequently calculated and used to form the
observation vector for that block (sub-band energies). The L 2
norm of an image (matrix) is simply the square root of the sum
of all the pixel values squared. In other words, the observation
vector assigned to a block has 12 real coordinates. As three
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detail images are produced at each decomposition level, the
dimension of a block’s observation vector will be three times
the level of wavelet decomposition carried out. The image
norms from all the image blocks are collected, in the order
the blocks appear in the image, from left to right and from
top to bottom—this forms the image’s observation (or feature)
vector. In conclusion, the entire image observation vector has
12*T real coordinates.
3) DBN Construction: Once all feature vectors assigned to
local areas of a face image are captured in the frequency
domain via DWT, they are viewed as VOs. Nine facial regions
are considered: hair (H), between hair and forehead (HF),
forehead (F), ears (EA), eyes (E), nose (N), cheeks (CH),
mouth (M), and chin (C) are latent variables (or hidden states)
and the block feature vectors Oi are the observables; all
these variables represent vertices of a DBN which is an ARHMM in this application. The weights in this DBN represent
conditional probabilities values between a facial region and a
feature vector, or between two facial regions or between two
feature vectors. These weights are incrementally updated and
learned using the training set of facial images of the same
individual. Fig. 10 depicts the modeling of an individual face
by a particular DBN which is an AR-HMM in this application.
The DBN is embedded in a Euclidean space to form
the EDBN subspace of a face. We then apply the α-shape
constructor associated with the EDBN to extract the signature
vectors of the face. Since we are considering p α-shapes of
the same individual at different ages, several signature vectors
are extracted and gathered to form an equivalence class ω that
represents the individual face.
4) Experiment:
a) Data collection: nonaging database: We have first
conducted a face identification task on a database in which
a set of same age face images is assigned to each individual (nonaging database). We have therefore selected the
GeorgiaTech database that comprises 450 images (15 color
jpeg at resolution 640 × 480 pixels) representing 50 people.
These individuals are from different races and genders and
with different age intervals. We have taken 15 images from
each individual of the same age with different lighting illumination levels and head poses. Fig. 11 depicts a GeorgiaTech
database sample.
b) Training and testing: In the case of the GeorgiaTech
database, for each person we have used ten face images for
training and the remaining five for testing. One autoregressive
HMM was trained (using a slight modification of the standard
expectation-maximization algorithm) for each individual’s face
in the database. During testing, an image was assigned an
identity according to the AR-HMM that produced the highest
likelihood value. Since the task performed consists of face
identification, it is presupposed that all testing individuals
were known individuals. Accuracy of an individual run is thus
defined as the ratio of correct matches to the total number
of face images tested, with final accuracy set to the average
accuracy of fivefold cross-validation runs. Table I depicts
the performance results of DBN and TDBN models on the
GeorgiaTech database using Haar (H), Biorthogonal9/7 (B),
Coiflet(3) (C), and Gabor (G) DWT kernels.
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TABLE I
AVERAGE A CCURACY (%) OF TDBN AND DBN (AR-HMM) AND
I TS VARIANCE U SING F IVEFOLD C ROSS VALIDATION W ITH
D IFFERENT DWT K ERNELS (R ANK 1)
RANK 1
H
B
C
G

GeorgiaTech
DBN
TDBN
72.2(2.2)
78.5(2.1)
71.1(1.8)
77.2(1.5)
75.8(2.6)
80.3(2.7)
78.3(1.9)
82.4(2.1)

Table I shows that the TDBN approach has outperformed
the DBN approach (AR-HMM-based graph) in every wavelet
kernel scenario. It also indicates that the TDBN approach
remains the most precise when the Gabor kernel is utilized
during the low-level feature extraction. However, the precision
gained using the Gabor kernel is the smallest.
c) Data collection: aging database: We have conducted
our experiment on two aging databases: MORPH [34] and
FGNET [35]. The MORPH database contains images of adults
at different ages. This database is divided into two albums
MORPH-1 and MORPH-2. MORPH-1 contains 1690 digitized
images of 515 individuals that are between 15 and 68 years.
However, MORPH-2 contains 15 204 images of 4000 individuals that are in the range of 18–50 years. Both albums contain
three to four images per individual. Metadata related to the
individuals such as sex, weight, height, and ethnicity are also
part in the MORPH package. The face and gesture recognition
research network (FGNET) aging database contains 1002
images of 82 individuals whose age is in the range of 2–69
years with 6–18 images per individual. Other metainformation
such as age, gender, and horizontal and vertical poses is also
available in the FGNET package. It is important to mention
that there are few publicly available databases that contain
age-separated face images in comparison to databases that
address classical face recognition problem. Fig. 12 shows
image samples from both MORPH and FGNET databases.
d) Training and testing: The low-level features were used
only to build the DBN for each individual’s face. The observation vectors were generated as described in Section V-A2,
with both height j and width k of observation blocks equaling
16, with an overlap of p = 4 pixels. The size of the blocks was
selected so that significant structures/textures could be adequately exhibited within the block. The overlap value of 4 was
considered large enough to allow structures (e.g., edges) that
straddled the edge of one block to be better contained within
the next block. Wavelet decomposition was conducted to the
fourth decomposition level (to allow a complete decomposition
of the image). In the case of Gabor filters, six scales and four
orientations were adopted, producing an observation blocks of
size 24. The topological features (or signatures) adopted were
“number of components,” “number of independent tunnels,”
“number of voids,” “number of edges,” and “number of
vertices.” Most of the features have been computed from [36].
The training phase was conducted separately for each database
MORPH-1, MORPH-2, and FGNET. On both albums of the
MORPH database, we have set three images per individual.

The image sample size in MORPH-1 is therefore 3 × 515
= 1545 images in total. In the MORPH-2 album, the image
sample size is 3 × 4000 = 12 000 images in total. However,
in the FGNET database, only six images per individual were
considered. Therefore, the image sample size utilized is 6 ×
82 = 492 images in total. Since age intervals are available,
images assigned to each individual were divided into training
and testing sets. In MORPH-1 and MORPH-2, two images
of three were selected to be part of a training set and the
third one was part of a testing set. Therefore, the size of the
training set in MORPH-1 is 2 × 515 = 1030 images and the
size of the testing set is 1 × 515 = 515 images. Similarly,
in MORPH-2, the size of the training set is 2 × 4000 =
8000 images whereas the testing set size is 1 × 4000 = 4000
images. However, in the FGNET database, four images of the
same individual were part of the training set and the other two
images were part of the testing set (two images in probe and
the other two in gallery). In the FGNET database, the size of
the training set is 4 × 82 = 328 images and the sizes of the
probe and gallery datasets are both 82. In order to measure
the power of generalization of the TDBN classifier, we used
a3−fold cross-validation estimation technique in all databases.
We divided the images into three sets and selected two sets
for training and one set for testing. We have ensured that only
one face image of an individual is included in the testing set
and the two other face images of this individual are part of
training set in the case of the MORPH databases. Likewise,
we made sure that four face images are part of the training set
and two face images are part of the testing set in the case of
the FGNET database. We repeated this procedure three times
with each time selecting a different set for a validation data.
The results from the folds are averaged to produce a single
estimation.
e) Identification results: We have conducted a 3-D
embedding and built one DBN for each individual. We have
set the value for p = 3 (number of α values) during classification. The equivalence class ωi contains all signature vectors
extracted from the three α-shapes assigned to the single DBN
of an individual’s face. Finally, testing was undertaken by
extracting the mean vector signature of the test face image
and computing the class whose posterior probability P(ωi |)
is maximum. Experimentation was carried out using MATLAB
7.10 on a 3.20 GHz Intel Core i3-550 processor and 6 GB
of DDR3 system memory. Accuracy of an individual run is
defined as the ratio of correct matches (identifications) to
the total number of face images tested, with final accuracy
equaling the average accuracy figures from each of the three
cross-validation runs. The results demonstrate that a TDBN
outperforms standard DBN using different DWT kernels with
a threefold cross validation (refer to Table II).
Table II indicates that the highest accuracy currently
achieved by TDBN at rank 1 (all ages) is obtained by
MORPH-1database. This peak has been achieved using Coiflet
(3). It also shows that the TDBN has outperformed the DBNs
in every scenario. It is worth to outline that this accuracy is
slightly better compared to some state-of-the-art approaches
such as those reported in [13] and [18]. We have investigated
how the performance of the proposed approach is affected
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TABLE II
AVERAGE I DENTIFICATION A CCURACY (%) AND I TS VARIANCE OF TDBN AND DDN (AR-HMM) U SING T HREEFOLD C ROSS
VALIDATION ON T WO D IFFERENT A GING D ATABASES W ITH THE S AME DWT K ERNELS (R ANK 1 A LL A GES )
MORPH

FGNET
MORPH-1
DBN

TDBN

DBN

MORPH-2
TDBN

DBN

TDBN

H

27(2.7)

35(2.6)

49(2.3)

60(2.2)

43(2.1)

50(2.0)

B

29(1.1)

36(1.1)

40(2.1)

55(2.1)

46(1.9)

56(1.7)

C

35(1.4)

40(1.1)

54(2.5)

68(2.1)

47(2.2)

60(2.2)

G

21(1.7)

30(1.2)

50(2.1)

59(1.8)

45(1.4)

52(1.9)

TABLE III
AVERAGE I DENTIFICATION A CCURACY (%) AND I TS VARIANCE OF HMM, AR-HMM, k-NN (k = 3), AND
TDBN W ITH D IFFERENT DWT K ERNELS (R ANK 1)
DBN

TDBN

k-NN

AR-HMM

HMM

AR-HMM

HMM

H

28.3(2.5)

27(2.7)

24.3(2.4)

35(2.6)

31.2(2.3)

B

30.6(1.5)

29(1.1)

26.2(1.5)

36(1.1)

32(1.2)

C

34.2(1.8)

35(1.4)

31.3(1.6)

40(1.1)

35.6(1.1)

G

23.5(1.9)

21(1.7)

18.2(1.5)

30(1.2)

25.3(1.3)

TABLE IV
AVERAGE I DENTIFICATION A CCURACY (%) OF THE TDBN AND S OME S TATE - OF -T HE -A RT A PPROACHES (TABLE E XTRACTED FROM [22])

Approach

Face Matcher
(classifier)

Database (No. of subjects,
No. of images) in both
probe and gallery

Rank 1
Accuracy

Lanitis et al.
(2002) [21]

Build an aging function based
on PCA coefficients of shape
and texture

Mahalanobis
distance, PCA

Private database (12, 85)

68.5

Ramanathan
et al. (2006)
[15]

Shape growth modeling up to
age 18

PCA

Private database (109, 109)

15.0

Geng et al.
(2007) [17]

Aging patterns are learned via
a concatenation of PCA
coefficients of shape and
texture across ages

Mahalanobis
distance, PCA

FGNET (10, 10)

38.1

Park et al.
(2010) [22]

Aging patterns are learned via
PCA coefficients in separated
3-D shape and texture given
2-D database

FaceVACS
from Cognitex

FGNET (82, 82)

37.4

TDBN
(proposed
method)

Aging patterns based on
network embedding and
alpha-shape constructors

Maximum a
posteriori
probability
using Gaussian
mixtures

FGNET (82, 82)

40.0

by the choice of a different DBN type. Therefore, we have
run the proposed method on the FGNET database using a
simple HMM and compared it with the AR-HMM. To get
an insight into the assessment, we have also implemented
the k-nearest neighbor classifier (k-NN) (k = 3) when the
features of an AR-HMM are embedded in a low-dimensional
vector space. The assignment k = 3 is undertaken merely
for removing ties in classification. Other odd k values can

also be investigated. The performance results obtained from a
threefold cross validation are illustrated in Table III.
Table III demonstrates the supremacy of the TDBN over
any type of DBN. The k-NN classifier has been slightly
better than the AR-HMM. These conclusions highlight: 1) the
small effect of the dimensionality curse in DBNs type models
compensated by the embedding optimality level and 2) the
significant contribution of the topological features (signatures)
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derived from the α-shape constructor. It also shows that a
TDBN based on a HMM is slightly better than a standard DBN
(AR-HMM) which also asserts the impacts of topological
features. Finally, in order to measure the real contribution of
the proposed approach, we have also reported the performance
of some of the state-of-the-art techniques (using the same
evaluation protocol) in Table IV. The actual performance of
an algorithm is always rated relative to how well the images
in probe are matched to the images in gallery. The heading of
column 4 of Table IV describes the databases used (number
of subjects considered, number of images) in both probe and
gallery. The third column depicts the classifier type, whereas
the second column shows the learning formalism employed.
f) Role of topology in facial aging: Since the EDBN is
determined by a VO sequence and its DBN, what information
the α-shapes encapsulate that make it possible for the identification performance to increase? The answer stems from the
idea of generating a series of ordered shapes pertaining to the
same DBN given the EDBN. There is an increase of connected
points in the α-shape faces during a face aging process as it
has been noticed from the example of Fig. 4. The generation
of several different shapes from the same DBN representing
an individual’s face allows exploring several deformations
of the same human face. This permits multiscale modeling
which appears to be suitable in revealing feature set different
length scales such as fat compartments in a human face. This
pattern could not be exploited using the DBN concept alone,
since topological signatures are not efficiently captured and
emphasized in a standard DBN. In conclusion, it appears that
the symbiosis between statistics and topology allows gleaning
more information about object topological signatures.
VI. C ONCLUSION
The contribution of this research is threefold: 1) extending
weighted graph embedding to build an EDBN; 2) mapping
an EDBN to a TDBN via the α-shape constructor; and 3) disclosing topological features from the TDBN. The focus of this
paper was on DBNs because they appeal across many diverse
applications. The proposed methodology allows viewing a
DBN as a geometrical object captured by a hierarchy of
α-shapes. Topological features can therefore unfold, and be
utilized to improve classification accuracy. This symbiosis
between a traditional DBN and a topological DBN represents
an exploratory endeavor to connect discrete structures with
continuous structures. Medical researchers might use this
proposed approach to repair a damaged brain by reconstructing
a healthy one from MRI data via the concept of α-shapes
in order to identify the causes of a brain injury, and find its
location. Our next objective consists of seeking other robust
topological features of an object via invariance.
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